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PREFACE. 



The object of the present volmne, and of Part I., is to furnish 
students with an easy introduction to Geometrical Drawing, fix)m 
which they may acquire an amount of knowledge sufficient to 
enable them to solve such questions as are usually set, in this 
branch, at Military Examinations; and, at the same time, to 
qualify them to enter upon the study of the more difficult 
portions of the subject. 

The writer has been compelled by constant occupation to 
allow a long interval ,io, ellipse between the publication of the 
First and Second Parts;! ticvVoccess of the former, in the mean- 



time, and the nimierous : inquiries addressed to him respecting 
the probable appearance of the* latter, have confbrmed him in the 
opinion that such a work was needed. 

The principal authors consulted in the preparation of the 
work were : Monge ; LEPisuRE de Fourct ; Lerot ; Le Blakc ; 
Reykaud ; Lambert et Picque ; and from them great assistance 
was derived. 

The Exercises, of which a numerous collection is appended to 
each Chapter, have been entirely selected from the Woolwich 
Papers. 

WooDPOBD, London, N.E. 
July, 1861. 



CONTENTS. 



CHAPTER I. 

Page 

Intboduction ........ 1 



CHAPTER n. 

Elementaby Pboblehs on Stbaioht Lines and Planes . . 16 

Exercises . . . . . . . .54 

CHAPTER in. 

HoBizoNTAL Pbojection . . . . . .56 

Exercises . . . . . . . .90 

CHAPTER IV. 

Elementabt Pbobleus on the Projection of Souds . . 93 

Exercises ........ 110 

CHAPTER V. 

Elementabt Pboblehs on the Pbojection of Shadows .114 

Exercises ........ 122 

CHAPTER VI. 

IsoMETBic Pbojection . . . ' . . . .124 

Exercises ........ 129 

CHAPTER VII. 
Miscbllanbous Exebcises ...... 131 



s 



PRACTICAL 



GEOMETRY OF PLANES AND SOLIDS. 



Errata. 

In the references, for (38) read (34), and for (35) read (36). 
Page 89, line 5, for above read about, 
f,, 91, „ 9, „ sides „ ends. 



2. Def — ^The given planes are called the Planes of Pro- 
jection. 

3. Def — The Projection of a Point is the foot of the per- 
pendicular, drawn from the point to the plane of projection. 

4. Def, — This perpendicular is called the projector of the 
point. 

If A (Fig. 1) be a point in space, M N and N P the planes of 
projection, cutting each other in xy^ and A a be drawn perpen- 
dicular to the plane N P, a will be the projection of A on N P ; 
A a, its projector. Similarly A a' and a' are its projector and 
projection, with reference to the plane M N. 

5. i>6/.— When the projectors are perpendicular to the planes 
of projection the projection is styled Orthographic. 

II. B 
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6. Def, — The Projection of a Line is the line which passes 
through the projections of all points in that line. 

i^. 1. 




7. Def. — ^The PBOJECTiNa sitbface of a Line is the surface, 
plane or otherwise, which contains the projectors of all points in 
that line. 

If AB (Fig. 2) be any line in space a, c, cf, «,/, J, Ac, the 
projections of its several points on the plane NP, the line 
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acdefhghk, which passes through all these points, will be 
the projection of A B on the plane N P, and the sur£ice A a iC; K 
will be its projecting sur&ce. 
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8. Theorem, — The projection of a straight line will be a straight 
line. 

For the projectors of all its points being drawn irom points in 
a straight line, and being also perpendicular to the plane of pro- 
jection, will lie in one plane. (jEJmc. xl. 6, and i. def, 35.) The 
intersection of this plane with the plane of projection is a line 
which passes through the projections of all points in the given 
line, it is therefore the projection of that line (6), and it is a 
straight line {Euc. xi. 3). 

Cor. It is evident that the projecting sur&ce of a straight line 
is a PLANE. Also that the projection of a straight line is deter- 
mined by the projeetions of anj two points in that line, since only 
one straight line can pass tl^ough the same two points. 

In Fig. 3, let a and h be the projections of A and B> any two 
points in the ittdefinite straight line C D in space ; the straight 

Fig, 3. 




line c d, passing through a and by will be the projection of C D, 
on the plane N P. 

9. Since A a and B6 are perpendicular to NP, the plane 
A a ft B is also perpendicular to N P (Euc. xi. 18). Consequently 
the projecting plane of a straight line is the plane containing the 
Hne, and perpendicular to the plane of projection. 

10. If a straight line be perpendicular to the plane of projec- 

B 2 
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tion, its projection will be a point. This is evident, because the 
projectors of all points in the line will coincide with the line 
itself. 

11. If two straight lines be parallel tteir projections upon the 
same plane will be parallel (Euc, xi. 16). In order^ therefore, 
to construct the projections of two parallel lines, it will be suffi- 
cient to know the projections of two pohjts in one of tiiem, and 
of one point in the other. 

12. When the line projected is not a straight line, its projecting 
surface will generally be what is termed a cylindrical one, and its 
projection a curve. If, however, the curve is a plane curve, and 
its plane is perpendicular to l3ie plane of projection, its projection 
will manifestly be a straight line. 

The projection of a line will always contain the projections of 
all points and lines on its projecting surface. 

13. If a line be situated in ^ plane parallel to the plane of 
projection, its projection will be equal to the line itself. In the 
case of a straight line this is evident from Euc, i. 33. In the case 
of a curve, the line and its projection may be considered as the 
intersections of a cylinder by two parallel planes. 

14. Theorem. — ^If two planes cut each other, and a point be 
projected on both of them, the perpendiculars drawn from the 
projections to the intersection of the planes will meet that inter- 
section in the same point. 

Let the planes M N and N P (Fig. 1) cut -each other in a?y. 

Let a, a' be the projections of 9, point. A, in space upon N P 
and M N respectively. 

Then the plane a' A. a will be perpendicular to M N and N P 
{Euc, XI. 18), and will cut xy m some point p ; consequently 
{Euc. XI. 19), a; y is perpendicular to the plane aAd"; the angles 
yp a and yp a' are therefore right angles (Euc. xi. def 3). Now 
the straight lines ^ a and pa^ pass through a and a' the projec- 
tions of A ; therefore the perpendiculars drawn from a and a! 
must meet xy'vQ. the same point. 

Conversely. When two points, one in each plane of projection, 
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are so situated that the perpendiculars drawn from them to the 
intersection of those planes meet the intersection in the same 
point, these two points may be considered as the projections of 
a single point in space. 

15. A straight line is generally determined by its projections 
on two given planes, since the line itself is the intersection of its 
projecting planes. When however the projections are perpendi- 
cular to the intersection of the planes, a third plane of projection 
will be necessary to determine the line, since the projections 
may be those of any line in a plane perpendicular to both planes 
of projection. 

16. Two straight lines assume J arbitrarily, one in each plane 
of projection, can only be considered as tie projections of the 
same straight line in spkce, when tlie planes containing those 
lines, and perpendicular respectively to the planes of projection, 
are not parallel. Similarly two curves, one in each plane of pro- 
jection, can only be considered as the projections of the same 
curve in space, when the cylindrical surfaces, passing through 
these curves, and perpendicular respectively to the planes of pro- 
jection, cut each other. The curve itself will be the intersection 
of these surfaces. 

17. Def, — The Trace of a Line is the point in which it 
meets the plane of projection. 

18. Bef. — The Trace of a Plane is the line in which it cuts 
the plane of projection. 

19. A plane is determined by its traces, since only one plane 
can pass through the same two straight lines. 

20. Def. — The intersection of the planes of projection is called 
the Ground Line or Axis. 

21. If a plane be not parallel to the ground line it will meet it 
in a point common to both of its traces. 

22. If a plane be parallel to the ground line its traces will also 
be parallel to the ground line. 
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This is evident, for since the axis is parallel to the plane it 
cannot meet it, and consequently cannot meet the traces which 
are lines in the plane; but each trace and the axis are in one 
plane, therefore thej are parallel (i^uc. i. Def. 35). 

If a plane be perpendicular to the axis, its traces will be per- 
pendicular to the axis {Euc, xi. 19^ and Def. 3). 

If a plane be parallel to one ^lane of projection its trace upon 
the other will be parallel to the^ound line (^Euc, xi. 16). 

If a plane contain the axis, ,a third plane of projection will be 
necessary to determine it. 

23. No reference has yet been made to the magnitude of the 
angle contained by the planes of projection. In what follows this 
angle will be assumed to be a right angle, since that supposition 
tends to simpHfy the constructions employed in the solution of 
problems. 

For the sake of distinction, one plane of projection will be 
called the Vertical plane, the other the Horizontal. 

24. Def, — ^Traces and projections are s^led Vertical or 
Horizontal accordingly as they are situated in the vertical or in 
the horizontal plane. A vertical projection is sometimes called 
an Elevation, and a horizontal projection is called a Plan. 

25. Def. — ^A Horizontal line is a line parallel to the hori- 
zontal plane. 

26. Def — A Vertical line is a line perpendicular to the 
horizontal plane. 

27. The following consequences result from assuming the 
planes of projection at right angles to each other. 

I. The projections of aU points in the planes of projection are 
in the ground line. 

II. The projections of all lines situated in a plane parallel to 
one of the planes of projection are parallel to the ground line. 

III. If a plane be perpendicular to one plane of projection, 
and not parallel to the other, its trace upon that other is per- 
pendicular to the groimd line. {Euc, xi. 19, and Def. 3.) 
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rV. The distance of the elevation of a point from the ground 
line shows the distance of the point from the horizontal plane : 
the distance of the plan of a point from the ground line shows 
the distance of the point from the vertical plane. 

28. From the foregoing explanations it might be inferred that 
two planes were necessary for the purpose of representing plans 
and elevations in their real magnitude. Such, however, is not 
the case. For all constructions required may be united in one 
drawing and on a single plane, hy supposing one of the planes of 
projection to revolve about the groimd line imtil it coincides with 
the other plane of projection. In practice it is usual to turn the 
vertical plane back about the ground line, until it coincides with 
the horizontal plane. 

Thus, in Fig. 4, the vertical plane, xyuy revolves about xy 
until it takes the position xyu'^ when xt/z^ die horizontal plane. 



and xyu' form one plane. All constructions will now be made 
in the horizontal plane, and in order to arrive at a correct idea 
of the relative positions of points, given by their projections 
only, the vertical plane must be conceived to take its original 
position. For example, if a, a' be the projections of a point A 
in space. Fig. 4, and the plane xyu' he supposed to make one- 
£)urth of a revolution about a; y, so as to take the position xyu; 

B 4 
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and from a and of' two straight lines be drawn perpendicular to 
xyz and xyu respectively, these perpendiculars will intersect 
in a point which will be A. 

29. After the vertical plane has been turned down to coincide 
with the horizontal plane, that portion of it which was below the 
ground line, as xyr, will take the position xi/r^. Any eleva- 
tions on it will therefore be in front of the ground line. 

It is evident that points in space will be represented by their 
projections only. 

30. Theorem, — The plan and the elevation of a point are both 
situated in a straight line perpendicular to the axis. 

This follows at once from (14) ; for during the devolution of 
x^u about xi/ (Fig. 4), pa^ remains petpendiculatr to xy; 
thereibre (JEuci. 14), a a' is a straight line; and it is perpen- 
dicular \jo xy, 

31. Theorem, — If a straight line be perpendicular to a plane 
its projections will be respectively perpendicular to the traces of 
that plane. 

For, the trace of the given plane is the line in which it cuts 

the plane of projection (18) ; 
The projecting plane of the line is perpendicular to the plane 

of projection (9), and also to the given plane (^Euc, xi. 

18). 
The trace is therefore perpendicular to the projecting plane 

{Euc, XI. 19); and 
Consequently, to the projection of the line (JEuc, xi. Def. 3.). 

32. Def, — A Dihedral Angle is the angle contained by two 
intersecting planes. 

33. bef, — The f ropile Angle of two planes is the angle con- 
tained by the two straight lines in which these planes are cut by a 
third plane, at right angles to both of them. This third plane is 
called a Profile Plane. Since these lines are perpendicular to 
the intersection of the two given planes {Euc, xi. 19, and Def 3), 
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the profile angle will be the measure of the dihedral angle (^JEuc, 
XI. Def. 6). 

34.- Theorem, — ^The profile angle of two planes is the greatest 
acute angle contained by any two straight lines, one in each 
plane, which meet each other. 

Let A B (Fig. 5) be the intersection of two planes, M A B, 
N B A, P C D their profile angle (33). In A B take any point 

Fig. 5, 




I*, draw P D perpendicular to C I), it Wifl be perpendicular to 
the plane NBA (Euc. xi. Def. 4), join P F and D F, make D E 
equal to D C, and join P E. Then {Euc, i. 4) the angle PCD 
is equal to the angle P E D ; but the angle P E D is greater than 
the angle P F D {Euc, 1. 16), therefore the angle P C D is greater 
than the angle P F D, which is the inclination of a line P F in the 
plane M A B to a line D F In the plane NBA; and the same 
may be proved of any other siich line. 

Cor, 1. Since P F D is the inclination of the line P F to the 
plane NBA (Eitc, XI. Def. 5), it is evident that no line in 
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the plane MAB can make with the plane NBA an angle 
greater than the angle between the planes. 

Cor. 2. Let £ C G be a circle, whose centre is D and radius 
D C, then, since the angle P G D is equal to ihe angle FED 
equal to the angle P G D, it is evident that all straight lines 
passing through a given point, and making a given angle with a 
given plane, meet that plane in the circumference of a circle 
whose centre is the foot of the perpendictdar drawn from the 
point to the plane. 

Cor. 3. The projection of the line P C on the plane N B A is 
the line C D, which, by plane trigonometry, is equal to the line 
P G multiplied by the cosine of the angle P G D. If, therefore, 
L be the length of a straight line, B the angle at which it is in- 
clined to the plane of projection, P the projection, 

P = L X cos 0. 

35. The Notation employed in Descriptive G-eometry should be 
simple and imiform. In the following problems points in space 
will be denoted by italic capitals, as J., ^, C ; the plans of these 
points by the corresponding small letters, as a, &, o ; their eleva- 
tions by the same small letters distingpiished by an accent, thus. 

The point (a, a') will therefore denote the point Aj in space, 
whose plan is a, and elevation a^ 

The line (a ft, a' b') will denote the line A B,ia space, whose 
plan and elevation are a b and a' ft' respectively. 

36. It has been shown (28) that the constructions in Descrip- 
tive Geometry are all brought into ona plane by supposing the 
vertical plane of projection to revolve about the groimd line 
until it coincides with the horizontal plane. A similar process, 
viz. turning any plane about one of its traces until it coincides 
with the plane containing that trace, oHen facilitates the solution 
of Problems. 

This method of solving problems (called by French writers 
La methode des Rabattements) depends upon the following 
principle. 

After a plane has been turned about one of its traces until it 
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coincides with the plane of projection containing that trace, any 
point in the plane will he sitttated in a straight line drawn through 
the projection of the point, perpendicular to the trace. The dis- 
tance of such point from the trace will he equal to the hypothenuse 
of a right angled triangle, whose hase is the distance of the pro- 
jection frmn the trace, and whose perpendicular is the distance of 
the point from the plane of projection containing the trace. 

This will appear evident if a profile plane be drawn through 
the point, for then the projector of the point will be the perpen- 
dicular of the triangle, the intersection of the profile plane with 
the plane of projection will be its base, and the intersection of the 
profile plane with the given plane will be its hypothenuse. After 
the revolution of the plane this hypothenuse wiU either coincide 
with the base, or be in the same straight line with it, and the 
point in question wiU be at the extremity of the hypothenuse in 
its new position. 

The application of this method to a given plane will now be 
explained. 

I. When the given plane is perpendicular to both of the 
planes of projection. 

n. When it is perpendicular to one of them only. 
m. When it is perpendicular to neither of them. 

I. Let (a, a') (Fig. 6) be the point situated in the plane MNP, 
which is perpendicular to both of the planes of projection. The 
traces M N and N P will form a straight line perpendicular toxy. 

In this case, when the plane has been turned about its hori- 
zontal trace M N, the distance of the point A from that trace will 
evidently be equal to N a\ If, therefore, with N as a centre, 
and a radius N a', a circle a* a" be described, cutting xy in a" ; 
a"0 be drawn perpendicular to xy, and a A perpendicular to 
M N, A will be the point required. In the same manner a second 
point B (h, y) may be found, and thus the straight line A B con- 
taining these points is determined. 

By a similar construction A' and B' may be found when the 
plane has been turned about its vertical trace, as shown in the 
figure. 

Conversely, If A be given to find a and a', draw A a perpen- 
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dicular to M N, and cutting it in a ; draw A a" perpendicular to 
xify and meeting it in a" ; with N as a centre, and a radius N a", 
describe the circle a" a', cutting NP in a' ; a and a' will be the 
projections of A. 



Fiff.6. 




—- / 



II. Let the point (a, of) (Fig. 7) be situated in the plane MNP, 
which is perpendicular to the horizontal plane only. N P will be 
perpendicular to xy {JEuc. xi. 19). 

If the plane be turned about its horizontal trace M N, the dis- 
tance of the point A from M N will evidently be equal to a a', 
a a' being a straight line perpendicular \/o xy (30). 

Draw a A perpendicular to MN, make it equal to aa/\ A 
will be the position of the point (a, a') after the plane has been 
turned down. In the same manner B {h, h') may be found ; 
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and thus the straight line A B passing through these points is 
determined. 

Conversely, If A be given to find a and c^. 
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Draw A a perpendicular to MN"; a will be the plan of A; its 
elevation will be in a a', drawn from a perpendicular to xy (30), 
and at a distance, a a' from xy, equal to A a. 

Again ; if the plane be turned about its vertical trace. The 
point (a, a') will be situated in a straight line drawn through a' 
perpendicular to N P ; the distance of A' from N P will, by the 
principle enunciated (36), be equal to N a, the hypothenuse of 
the right angled triangle N a a ; because, in this case, the profile 
plane is parallel to the horizontal plane. In the same way B' 
may be found, and the straight line A' B' determined. The point 
t/, in which A' B' meets N P, will be the vertical trace of the line 
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{a b, ol V) : the point A", in which A' B' meets xy, will be the 
position which the horizontal trace of the line takes after the 
plane has been turned into coincidence with the vertical plane. 
If the constructions hare been correctly performed the circle 
described with N as a centre, and radius N hj will pass through 
A" ; h being the point in which h' h drawn from hf perpendicular 
to ojy cuts MN; A' being the point in which of 1/ produced 
meets xy. 

Conversely, To determine a and o' when A' is given. Draw 
A' a'" perpendicular to N P ; a! will be in this line ; draw A' a' 
perpendicidar U> xy\ with centre N, and radius N a', describe a 
circle cutting M N in a, a will be the plan of A ; through a draw 
a a! perpendicular to xy^ and cutting A' a'" m a'; of will be the 
elevation of A. 

m. Let the point (a, a') (PI. I. Fig. 1) be in the plane MNP, 
which makes oblique angles with both of the planes of projec- 
tion, and is not parallel to the groimd line. 

Referring to the principle set forth (86), the point (a, a') will, 
after the plane has been turned about its horizontal trace, be 
situated in the straight line drawn from a perpendicular to M N, 
its distance from M N being equal to the hjpothenuse of a right 
angled triangle, whose base is a af^, and perpendicular a of. 
This triangle may be constructed on the horizontal plane, as. 
aa" n: or on the vertical plane, as a a' m. With centre a", and 
radius a" », describe a circle cutting a a" produced in A. A will 
be the point required. A second point B may be foimd in the 
same manner, and thus the straight line A B determined. 

Cor, It is evident that each of the angles a' m a and ad' n 
measures the inclination of the plane M N P to the horizontal 
plane. 

As a particular case of this problem let it be reqtiired to con- 
struct the vertical tiace N P. Find, as above, the position V of 
(r, t/) a point in the vertical trace ; join N V ; N V will be the 
line required, and the angle M N V will be the angle contained 
by the traces in space. 

Conversely, Let a and a' be required when A is given. The 
plane may be given either by its traces M N and N P ; or by its 
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vertical trace N P, in tlie position N P', and its horizontal trace 
M N. In both cases the right angled triangle tvr, corresponding 
to the construction of V (v, t/), may be described. For, if M N 
and N P be given, t; r = r t/ ; and t v are known. If M N and 
N P' be given, t v and tr = tY are known. 

Draw Aa'^ perpendicular to MN; and construct the right 
angled triangle a" a n, in which a" n = a" A ; and the angle 
aa" n=s the angle vtr: a will be the plan of A ; its elevation 
will be in aa'j perpendicular to xi/j at a distance from xy, 
aa* =z an. 
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THE STRAIGHT UI9E AND PLANE. 



CHAP. n. 



ELEMENTABT FBOBLEMS ON STBAiaHT LINES AND PLANES. 



Pbobleu I. 



Given the projections of two points, to find the pro- 
jections of the straight line passing through the points. 

Let a a! and h V (Fig. 8) be l3ie projections of the points. 



i^. 8. 




Then, since the projections of the straight line A B must pass 
through the projections of the points, the line a' V will be the 
elevation, and a b the plan of the line required. 



Pboblem n. 

Through a given point, to draw a straight line parallel 
to a given straight line. 

Let (p,j/) (Fig. 9) be the given point, (a b, of ¥) the given line. 
Since the required line passes through the point (/>,/>')» ^^ ph"i 
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and elevation will pass tlirough p andp' respectively ; moreover 
the projeotions of parallel straight lines are parallel (11). The 



Z-y 




elevation of the line will therefore be mfnf drawn through j/ 
parallel to of l/; its plan will he mn drawn through a parallel 
to a^. 



Problem III. 

Given the projections of a straight lincj to find its 
traces. 

Let the given projections be and b^ d (Fig. 10) meet xyvsLS 
and t respectively. The elevation of the horizontal trace will be 
in a? y (26) ; it will also be in the elevation b'c\ and must there- 
fore be the point t. The trace itself will be in ^ ^ drawn from t 
perpendicular to re y in the horizontal plane, and also in the plan 
bc\ it must consequently be the point h^ in which b c and t k in- 
tersect. In the same manner it may be shown that, if 5 ^ be 
drawn from 8 perpendicular to xy^ and cutting V cf m i^ i will 
be the vertical trace. 

Oenerally. To find the horizontal trace of a straight line. 
II. c 
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From the point in which the elevation meets xy^ draw in the 
horizontal plane a perpendicular tx> xt/; the point in which this 
perpendicular meets the plan of the line will be the horizontal 
trace. 

Fiff. 10. 




Similarly. From Ihe point in which the plan meets xy^ draw 
in the vertical plane a perpendicular to ajy; the point in which 
this perpendicular cuts Ihe elevation will be the vertical trace. 

Oba. The portion of the straight line included between its 
traces may evidently. have any one of the fcllowing positions, 
with reference to the planes of projection : — 

(a.) It may be above the horizontal, and in front of the verti- 
cal plane (Fig. 10). 

(5.) It may be below the horizontal, and in front of the vertical 
plane (Fig. 11). 
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Fig. H. 
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(<?.) It may be above the horizontal, and behind the vertical 
plane (Fig. 12). 

Fig, 12. 




'■ I 



(ef.) It may be below the horizontal, and behind the vertical 
plane (Fig. 13). 

Fig, 13. 
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Cor. The construction of the converse of this Problem is 
obvious. 

C 8 
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Problem IV. 

Given the projectioiiB of two points^ to determine the 
length of the straight line joining the points. 

Let (a, a') and (b, V) (Fig. 14) be the given points. The straight 
lines a al and h V will be perpendicular \xi xy (29) ; let them 
cut a; ^ in u and v reapectivelj. If vertical straight lines equal 




to w a' aad v V be conceived to be drawn from a and h respec- 
tively, the extremities of these lines will be the points A and B 
in space, the distance between which has to be determined. Sup- 
pose a straight line drawn through the point A parallel to a 5, 
and terminated by the vertical h B. The result will be a right- 
angled triangle, the base of which is equal and parallel to a ft ; 
the perpendicular, the difference between a A and h B, or, which 
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is the same thing, the difference between ua' and vV\ the 
hypothenuse being the line sought to be determined. 

If therefore through a', h! i^ be drawn parallel to a?y, and equal 
to a b, and b' i' be joined, V t' will be the line required. A simi- 
lar construction made in the horizontal plane will give the same 
result. 

Otherwise. The verticals a A and b B form with a b and 
A B a trapezoid, whose plane is vertical. Imagine this trapezoid 
turned about b B until its plane is parallel to the vertical plane 
of projection. The base ba will remain in the horizontal plane, 
but take the position b t, parallel to xy ; the line A B, in its new 
position, will be parallel to the vertical plane, and will conse- 
quently be projected thereon in its real magnitude (13). The 
point B will remain fixed ; its elevation will therefore still be y. 
The point A will change its position, but not its distance from 
the horizontal plane ; its elevation will thus be in the straight 
line a' kf drawn through of parallel to rcy. Now the plan of A 
in its new position is t ; if then a straight line be drawn from i 
perpendicular to a; y, the point t' in which i i' cuts a' Id will be 
the elevation of A when the plane a A B 6 is parallel to the ver- 
tical plane of projection ; and the straight line i' V will be equal 
to AB. 

Or, A B may be determined by turning the trapezoid a A B 5 
about a b imtil it coincides with the horizontal plane ; as a 5 m n : 
or, by turning the trapezoid a' A B 5' about a' V until it coincides 
with the vertical plane Si& a'V m! n'. 

Then, «' ^'=a6; am=.ua'\ a'm=^ua\ 5n=v6'; ft'n'srsvJ. 

N.B. — ^This problem has been discussed at length, because it is 
one that frequently occurs. 

Problem V. 

To draw a plane through two given straight lines that 
intersect^ or are parallel. 

The vertical traces of the lines will be two points in the verti- 
cal trace of the plane ; the horizontal traces of the lines will be 

O 3 
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two points in the Horizontal trace of the plane. The traces are 
therefore determined thus :^— 

Let (a 5, of V) and (c rf, & &) (Fig. 15) be the given lines. Find 
by Prob. HI. I and m, their horizontal traces, and /> and ^, their 

^.15. 




vertical traces. The straight lin^s pasidng through j) and q^y and 
I and m, respectively, will be. the traces of the required plane, and 
should meet o?^ in the same point o. 



Problem VI. 

To determine the projections of the intersection of two 
given planes. 

Let M N O and P Q R (Fig. 16) be the given planes ; then my 
the intersection of their vertical traces, wiU be the vertical trace 
of their intersection ; and n will be its horizontal trace. The 
intersection itself is the straight line in space joining m and n* 
It is required to construct the projections of this line. 
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Dmw ms perpendicular to xy; 8 will be the plan of m (26), 
and n is the plan of a second point in the line ; consequently the 

Fig, 16. 




plan of the intersection is a n (6). In the same manner it may 
be shown that if nr be drawn perpendicular to a?y, the elevation 
of the intersection is p m, 

FARTICCLAR CASES. 

I. Let the horizontal traces M N and P Q be parallel (Fig. 17), 
then the intersection of the planes wiU be parallel to M N and 
to P Q ; consequently, the plan of the intersection will also be 
parallel to M N and P Q (11), and its elevation will be par- 
allel to X y (26). The point m in which the vertical traces of 
the planes cut each other, is a point in the intersection of the 
planes ; if therefore w s be drawn perpendicular ix) x y, m and s 
will be the plan and elevation of m; s d parallel to M N, and 
mp parallel to x y will therefore be the projections required. 

n. Let the traces of both planes be parallel to re y, as M N, 
M' N', and P Q, P' Q' (Fig. 18). The planes themselves will be 
parallel to a? ^, as will also their intersection. 

C 4 
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A third plane of projection will now be necessary in order to 
determine the intersection. Let this plane be assumed perpen- 

Fig, 17. 
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Fig. 18. 
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dicular to the other two, and therefore to x y {Euc, xi. 19) ; its 
traces y u and y u' will be in one straight line perpendicular to 
X y (27). Then N N" and Q Q", the traces of the given planes 
on the third plane of projection may be found by (35) : the point 
m^ in which these traces cut each other, will be the point in 
which the intersection of the planes meets the third plane; d and 
6! the projections of w, may be found by (35), and the straight 
lines d e, d' e! drawn parallel to x y will be the projections of the 
intersection. 

in. Let the traces of both planes meet x y in the same point : 
the intersection may be determined by a construction similar to 
that in case 11. ; and the solution is left as an exercise. 

IV. If the traces of one plane be parallel to those of the other, 
but not parallel to x y; the planes are parallel, and therefore have 
no intersection. 



Problem VII. 

To determine the point of intersection of three given 
planes. 

The planes combined two and two cut each other in three 
straight lines, which all pass through the required point. Let the 
projections of these intersections be constructed, by Prob. VI. ; 
then if the constructions be accurately performed, the three eleva- 
tions wiU pass through the point o' (Fig. 19) ; and the three plans 
will pass through o. The point (o, (/) will be the point re- 
quired: the straight line o o' should be perpendicular to a? y (29). 



Problem VEIL 

To draw a plane through three given points. 

The three straight lines which join the given points, taken two 
and two, being situated in the required plane, will meet the 
planes of projection in points which belong to the traces of the 
plane. Thus, by Prob. III. may be foimd three points in each 
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trace. The three points in each trace mnst be in the same 
straight line; and the traces must meet a? y in the same point 
(21). 

Fig. 19. 




Let (a, a'), (5, V) and (c, (/), (Fig. 20) be the given points : 
(a hj a' V\ (J> c, V cf) and (a c, a' (/), the lines passing through 
those points taken two and two. Determine (Prob. HI.), d, e^ J\ 
the horizontal, and d\ e% fj the vertical traces of these lines. The 
straight line drawn through 6 and /should- pass through d ;. and 
that drawn through e* and/ should pass through d' : these straight 
lines def^d!e*f^ which are the required traces^ must meet x y 
in the same point U 
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Obs, — The following cases may be considered with adyantage : — 
I. When one of the lines is parallel to one of the planes of projection, 
n. When one of the lines is parallel to both planes of projection. 
III. When two of the lines arc paraHfl] to one of the planes of pirojee- 

tion. 
lY. When the three given points are in a straight line. 

Fig. 20. 




Problem IX. 

To determine the point in which a given straight line 
meets a given plane. 

If, through the plan of the given line, a vertical plane be drawn, 
this plane vdll contain the point sought ; but the point is also in 
the given plane ; it must therefore be that point in which the 
.mtersection of these two planes meets the given line. 

Let d n and d' s^ (Fig. 21) be the projections of the line ; 
P Q R, the given plane : draw through d n the vertical plane 
d n 7i/ ; its vertical trace n nf will be perpendicular to x y (26) : 
draw b V perpendicular to a? y : join V n' i V n' will be the 
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elevation of the intersection of the planes P Q R and d n n'. 
(Prob. VI.) Now the elevation of the required point will be in 
V n'y and also ind! ^ \ it must therefore be the point/' in which 



Fig. 21. 




Fig, 22. 
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these straight lines cut each other. Through/' draw/^, per- 
pendicular to re y, and cutting d ninf: f will be the plan of the 
required point (29). The plan / might have been determined 
by an independent construction, similar to that employed for the 



Fig, 28. 




Fig, 24. 
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elevatioii, viz. hj drawing througli d' sf 2k plane perpendicular 
to the vertical plane, as shown in Fig. 21. 

If the given line be vertical, its plan will be a point (10), as c?, 
Fig. 22 ; which is also the plan of the required point ; the eleva- 
tion of the line will be ^ « c?', perpendicular to xy (26). To find 
the elevation of the point, draw through d a vertical plane, h r n\ 
draw h V perpendicular \o x y\ join V 7J, cutting d d' in/* : f 
will be the elevation required. 

In this case, the vertical plane assumed, is subject only to the 
condition of passing through a given vertical straight line, it is 
consequently indeterminate ; its trace may therefore be parallel 
to 0? ^ as in Fig. 23, or to the horizontal trace of the given plane, 
as in Fig. 24. 



Problem X. 

^ Througli a given point to draw a pkne paraUel to a 
given plane. 

Since every plane passing through the given point cuts the 
given plane and the plane required in two parallel straight lines 
{JBluc, XI. 16) ; if through the given point a straight line be drawn 
parallel to any straight line in the given plane, this line will be 
in the required plane. The traces of this line will be points in 
the traces of the required plane. The traces of this plane will 
therefore {Euc, xi. 16) be the two straight lines drawn through 
these points, and parallel respectively to the traces of the given 
plane. 

Let ((/, «?') (Fig. 25) be the given point, PQR the given plane, 
take any point, m, in the horizontal trace P Q ; and any point n', 
in Q R ; draw v! n and m m/ perpendicular to xy; join n' m' and 
m n, these lines will be the projections of a straight line (m n, mf n') 
situated in the plane PQR; because m and nf are the traces of a 
line in that plane (Prob. III.). Through {d, d') draw by Prob. 11. 
a straijght line parallel to (m n, m! w'), through /and g, the traces 
of this line (Prob. III.) draw M N and N O parallel to P Q and 
Q R respectively : M N O will be the plane required. 
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Solution 2. Let P Q E (Fig. 26) be the given plane : through 
the given point (d, df), conceive a straight line H to be drawn 
parallel to P Q : this line will be in the plane required, and 

Fig. 25. 




Fig. 26. 
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will be parallel to the horizontal plane. Its plan will be the 
line d r, dra"\vn through d parallel toPQ(ll): its eleva- 
tion will be d' r' parallel to ory (21). The point r', in which H 
meets the vertical plane (Prob. HI.), will be a point in the ver- 
tical trace of the plane required : the traces of which will there- 
fore be O N drawn through r' parallel to R Q, and M N through 
N parallel to P Q (Euc, xi. 16). 

In a similar manner, the problem may be solved by drawing 
through (df d') a straight line parallel to the vertical plane, as 
shown in the figure. 

If the given plane be parallel to one of the planes of projection 
as, for example, the vertical plane, it will have then only a hori- 
zontal trace which will be parallel to a? y (21). The required 
plane will also have only a horizontal trace which will be the 
straight line drawn through the plan of the given point parallel 
to a?y. 

Problem XI. 

Through a given point to draw a straight line perpen- 
dicular to a given plane : to find the point in which the 
perpendicular meets the plaile; and to determine the 
length of the perpendicular. 

Let (ef, d') (Fig. 27) be the given point, P Q R the given plane. 
The projections of the perpendicular must pass through d and 
d' respectively : they will also be perpendicular to the traces of 
the plane (30). If, therefore, through d and «?', d n and d' sh^ 
drawn perpendicular to P Q and Q R, e? n and d' 8 will be the 
projections required. The point (jo, p^) in which the perpendi- 
cular meets the given plane may be determined by Prob. IX., 
its length, d^ k, may be found by Prob. IV. 

Problem XU. 

Through a given point to draw a plane perpendicular 
to a given straight line. 
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Let (d, d/) (Fig. 28) be tlie given point, {a h, a' V) the given 
line. The traces of the required plane will be perpendicular 
respectively to the projections of the given line (30). Conse- 
quently, the directions of the traces of the required plane, and 

Fig, 27. 




one point in that plane, are known ; it will therefore be sufficient 
if a point in one of the traces be determined. To effect this, 
conceive a straight line to be drawn through the given point 
parallel to the horizontal trace of the required plane ; this line 
will be situated in that plane, and will be parallel to the hori- 
zontel plane; its plan will therefore be parallel to the hori- 
zontal trace of the plane (11), and, consequently, perpendicular 
to the plan of the given line. But, since this line passes 
through {d, «?'), its plan must be ^ r perpendicidar to ah ; its 
elevation d' p' parallel \oxy (Euc, xi. 16). Since d r and d^ p' are 
the projections of a straight line in the required plane; if r', the 
yertical trace of this line, be determined by Prob. III., r' will be 
II. P 
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a point in the yertical tarace of the required plane; and llie traces 
will be B Q drawn through i' perpendicular to d V\ and Q P 
drawn through Q perpendicular to a 6. 

Fig. 28. 




A verification may be obtained by drawing through (ef, dT) a 
straight line parallel to the vertical plane, and making a con- 
Btruction similar to the preceding one, as shown in Fig. 28. 



Problem Xm. 

From a given point to draw a straight line perpendi-* 
cular to a given straight line^ and to determine the length 
of the perpendicular. 

f Let (e?, d!^ (Fig. 29) be the given point, {a bj al h') the given 
line. Through (df, d') draw a plane P Q E perpendicular to 
(a &, a' V) (Prob. XII.) ; determine (Prob. IX.) the point (p, jt/) 
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in which the plane P Q B meets the given line ; then (dp, d/pf) 
will be the perpendicular required ; its length, p k, may be de- 
termined by Prob. IV. 

Fig. 29. 




Problem XTV. 

GKyen the projections of two straight lines which 
cut each other^ to determine the angle contained by the 
lines. 

Let (a by of V) and (a c, d cf) (Fig. 30) be the given lines. De- 
termine their horizontal traces g and /(Prob. HI.) ; join gf; 

d2 
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gf and the portions of the straight lines intercepted between their 
point of intersection and their horizontal traces, form a triangle 
in which the angle opposite to ^ / is the angle sought to be 
determined. To construct this triangle, through a draw h k per- 
pendicular to gf; conceive the plane of this triangle to be turned 

Fig, 30. 




about its horizontal trace ^/, until it coincides with the hori- 
zontal plane ; h, the position which the point of intersection of 
the lines now takes, is found by (35) ; thus join a a', let it cut 
xg iar; make r s equal to a ^ ; join a' 8, make h k equal toa' s ; 
join ^ A and /^; ^ A/ will evidently be the angle contained bj 
the lines. 
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Problem XV. 

Given the projections of a straight line to determine 
the angles which it makes with the planes of projection. 

Let (a ft, a' V) (Fig. 31) be the given line ; find its traces a and 
V (Prob. III.). Then the angle which the given line makes with 
the horizontal plane is the angle contained by the straight line in 
space drawn from a to h\ and the plan a b (JEuc, xi. def, 6). If, 

Fig, 31. 




therefore, the plane a ft ft' be turned about a ft until it takes the 
position a ft n in the horizontal plane ; ft n being equal to ft ft' ; 
ban will be the angle required. The angle may also be deter- 
mined by turning the plane a ft ft' about ft ft' until it takes the 
position ft^ ft m in the vertical plane, when ft' m ft will be the re- 
quired angle. The inclination of the line to the vertical plane 
may be foimd by a similar construction, as shown in Fig. 31. 

D 3 
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Conversely, Through a given point to draw a straight line, 
niaTciTig given angles with the planes of projection. 

This problem will be most easily solved by assuming a point 
on the vertical plane, and drawing through it a line having the 
given inclinations, and then drawing through the given point a 
line parallel to this line. 

Let a and j3 be the angles which the line is to make with the 
horizontal and vertical planes respectively, it is evident that 
these are the angles between it and its projections. 

Assume any point (w, m') (Fig. 31a) on the vertical plane; make 
the angle mfbm equal to o ; . with centre m, and radius m ft, de- 

Fig, 31a. 







scribe the circle ft n ; all lines passing through (m, mf) and making 
an angle a with the horizcmtal plane, will have their horiasontal 
traces in the circumference of this circle (33, Cor. ii.). Again, 
on m'ft describe a right angled triangle, having the angle bmfc 
equal to /3 ; make mf nf equal to m' c (the construction is eliown 
in the figure), draw n'n perpendicular to xif; n will be ibe 
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horizontal trace of the line. Its projections will evidently be 
wl vl andmn. 

Let (a, d) be the given point ; draw through a and al parallels 
to m n and w! n' respectively, these will be the projections of the 
line required (11). 

Problem XVI. 

Given the traces of a plane^ to determine the angles 
which it makes with the planes of projection. 

Let P Q B (Fig. 32) be the given plane. To determine the 
angle which it makes with the horizontal plane, take any point a 




in the horizontal trace P Q ; throngh a draw a plane ahV per- 
pendicular to the given plane and the horizontal plane; the 
profile angle of the given plane and the horizontal plane will 

D 4 
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evidently be the angle required. The projections of the Knes 
containing this angle are known, and thus the angle 1/ mb may 
be determined by Problem XV. as shown in Fig. 32. 

In a similar manner the inclination of the plane to the yerticaly 
viz., the angle df r d, may be found (Fig. 32). 



Problem XVII. 

To determine the angle contained by two given planes. 

Let P Q E and S T U (Fig. 33) be the given planes. Find, by 
Prob. VI., d e the plan of their intersection ; let ^ ^ be the hori- 
zontal trace of a profile plane, of the planes P Q B and S T U, 

Fig. S3. 
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cutting df e in t. Then, since this plane is perpendicular to the 
intersection of P Q E and S T U, ^ A cuts c? e at right angles (30), 
it also forms, with the straight lines in which the profile plane 
cuts P Q E and S T U, a triangle, in which the angle opposite to 
gh is the angle sought to be determined. 

Conceive the plane of this triangle to be turned about g h until 
it coincides with the horizontal plane ; the vertex of the triangle 
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will then he m ed (35). It only remains, therefore, to deter^ 
mine the altitude of the tiiangle, that is, the straight line drawn 
from i perpendicular to the intersection of the planes. This 
perpendicular evidently lies in the vertical plane dee! \ turn this 
plane about its trace ed until it coincides with the vertical 
plane; make e k equal to e t ; draw k I perpendicular to ef o\ kl 
will be the altitude of the triangle required. If, then, im be 
made equal to kl, and gm, hm, be drawn, the angle gmh will be 
the angle contained by the planes. This angle may be deter- 
mined by a wTnilflr construction in the vertical plane. 



Problem XVIII. 

To determine the angle contained by a given straight 
line and a given plane. 

Let P Q R (Fig. 34) be the ^ven plane, (a J, a' V) the given 
line. From any point (a, d) in the line, draw a straight line 



Fig- 34. 




perpendicular to the given plane (Prob. XI.) ; the projections of 
this perpendicular will be a c and a! c', perpendictdar respectively 
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to PQ and QR the traces of ihe plane (30). The angle contained 
bj this perpendicular and the giyen line will be the complement 
of the required angle ; this angle between the perpendicular and 
the given line is fonnd bj Problem XIV. to hebhc; i^ there- 
fore, kg he drawn perpendicular to hc^hhg will be the angle 
required. 



Problem XIX. 

To draw a plane bisecting the angle between two given 
planes. 

Let PQR and P SR (Fig. 35) be the given planes; hng the 
angle between them, determined b^ Problem XVIL Bisect the 

Fig, 35. 
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angle hng hj the line n k, meeting hg iak; Jc will be a point 
in the horizontal trace of the plane required. But P is also a 
point in that trace ; the traces of the plane bisecting the angle 
will t^erefinre be P T pasnng through k^ and T R passing through 
By since R is a point in the vertical trace. 



Problem XX. 

To reduce an angle to the horizon. That is^ having 
given the angle wliich two straight lines make with each 
othei) and their inclinations to the horizontal plane> to 
determine the plan of the angle. 

Let a (Fig. 36) be the plan of the vertex of the angle : a h 
that of one of the lines containing it, and inclined at an angle 
a to the horizontal plane ; also, let the inclination of the 

jFi^. 36. 
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second line to the horizontal plane be /J ; 6 being the angle con- 
tained by the fines. 
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Assume the vertical plane of projection to pass through the 
first line, so that a b coincides with x y : from a draw a e per- 
pendicular to a b ; the angular point will be in a e : let it be of : 
through of draw a' b, making an angle a with a b : b will be 
the horizontal trace of the first line. Through of draw of c, 
making an angle fi with ab : with a as a centre and radius a c 
describe the circle c d g : all straight lines passing through c^ 
and making an angle /3 with the horizontal plane, will have their 
horizontal traces in the circumference of this circle (33). Again, 
make the angle b of /equal to 0; and a' /equal to a' c: join bf; 
with ^ as a centre and radius &/ describe a circle cutting the circle 
c dgmd; draw ad: ad will be the plan of the second line. 

For the straight line in space joining a' and df, makes an angle 
/3 with the horizontal plane : it also makes an angle with a! b : 
for in the triangles a' db and al fb^d d and d b are respectively 
equal \jo f d and d b ; the base b d\% equal to the base b f; 
therefore the angle df a' ^ is equal to the angle b d f{Euc, i. 8), 
which is equal to (co7i«.) The line d d thus fiiMls the condi- 
tions of the problem, and its plan 'v&a d : therefore the angle 
d abiA the plan of the angle required. 



Probleh XXL 

Through a straight line^ in a plane^ to draw a plane 
nuikbg a given angle with that plane. 

The straight line will evidently be the intersection of the given 
and the required planes. 

Let (a b, d V) (Fig. 37) be the given line, P Q E the given 
plane : draw a straight line q r perpendicular to a 5, and cutting 
it in c : qr will be the horizontal trace of a profile plane of the 
given and required planes (30); and the lines in which this 
plane cuts the two planes will form the angle which these two 
planes make with each other (32). The vertex of this angle will 
be in the vertical plane passing through a 5, and in the straight 
> line drawn fi-om the point c in g r perpendicular to the line (a ft, 
d V). Turn the plane a b b^ about b V imtil it coincides with 
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the vertical plane of projection : the line (a h, of I/) and the point 
c, will take the positions g V and o respectively. Draw o h! per- 
pendicular togV ; set off c A, in c a, equal U)oh' : make the angle 

Fig, 37. 




r h q equal to the given angle ; q will be the horizontal trace of 
a line in the plane required, and consequentiy a point in the 
horizontal trace of the plane itself. The required traces will 
therefore be S a T 5^ and U ft' T : S T U being the plane re- 
quired. 



Problem XXn. 

Through a given point to draw a plane making given 
angles with the planes of projection. 

Let the given point (a, a') (Fig. 38), be assumed in the vertical 
plane of projection : a and /3 being the angles which the required 
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plane is to make with the horizontal and vertical planes respec- 
tiTel7. Make the angle a! q a equal to a : with centre a and 
radius a q describe a circle q c b: the horizontal trace of the 
plane will be a tangent to this circle. Draw the line g Sy making 
with X y the angle g 8 x equal to /3 : draw a p* perpendicular to 

Fig. 88. 




of q\ ar perpendicular to ^ 5, and make a h equal to a ^ : 
through k draw T k f, parallel to ^s and meeting a? y in/, a' a 
produced, in P : with centre a and radius a /describe the circle 
/ h ; the yertical trace of the required plane will be a tangent to 
this circle. Through P draw P Q, touching the circle b c qmc: 
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throng Q diaw Q B, touching the circle / A in A. P Q R will 
be the plane required. This problem is indeterminate, ednce two 
planes can be drawn to fidfUl the conditions. 



Problem XXm. 

Through a given straight line to draw a plane^ making 
a given angle with the horizontal plane. 

Find, hj Prob. HI. the traces a and V (Fig. 39) of the given line 
(a ft, a' I/). These will be points in the traces of the required 
plane. It will therefore be sufficient if a second point in one of 

Fig, 39. 




the traces be determined. To effect this, in the horizontal trace, 
at 1/ iab 1/ make the angle b 1/ c equal to the complement of the 
given angle, with ft as a centre and radius ft c describe the circle 
cm. If this circle cuts a ft, the tangents a M and a m\ drawn 
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to it from a, will be the horizontal traces of two planes fulfilling 
the conditions of the problem. If the circle passes through a, 
only one such plane can be drawn : because the inclination of the 
plane will be equal to that of the given line. If a fells within 
the circle the problem is impossible, since the inclination of the 
plane would be less than that of the line (33). The planes, as 
determined in Fig. 39, will be M N P and M' N' F since the 
Tertical traces must pass through V, 

Problem XXIV. 

To find the vertical trace of a given plane^ when ita 
horizontal trace^ and inclination are given. 

Let M N (Fig. 40) be the given trace ; a the angle at which 
the plane is inclined to the horizontal plane. Through any point 




a in M N draw a vertical plane a h &', perpendicular to M N ; 
turn this plane about b V until it coincides with the vertical 
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plane of projection : the point a will take the position o\ h o 
being equal to 5 a : make the angle hop equal to a ; ^^ the point 
in which op cuts h V will be a point in the vertical trace of the 
plane : through V draw N O ; this will be the vei-tical trace. 

Should the trace M N not meet x y withiu the limits of the 
drawing, a second point in the vertical trace must be determined 
in the same manner as h'^ 



Problem XXV* 

Through a given point to draw a straight line which 
shall make a given angle with the horizontal plane^ and 
meet a given straight line in that plane. 

Let (o, (/) (Fig. 41) be the given point, M N the given line 
situated in the horizontal plane. At o' in o o', make the angle 




o (/c equal to the complement of the given angle ; draw c d per- 
pendicular to a?y ; and o d perpendicular to cd. With o as a 
centre, and radius o d^ describe a circle cutting M N in a and h ; 
draw ad and h V perpendicular to o;^; join da! and dV \ the 

11. S 
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two lines (o a, </ of) and (p h^ cl V) will evidentlj ftilfil the condi- 
tions of the problem (33 Cor, ii). 

This problem depending upon the intersection of a straight 
line and a circle, will have one solution, or two solutions, or will 
be impossible. 



Problem XXVI. 

Through a given point to draw a plane parallel to a 
ij^ven straight line. 

Let (c, d) (Fig. 42) be the given point, (a J, a! V) the given line. 

Through (c, d) draw a straight line {cd, cfd^) parallel to (a by 

a'6') (Prob. n.) ; determine its traces h and v (Prob. III.). Any 

Fig. 42. 




plane, MNP, whose traces pass through h and v respectively, 
will be parallel to (a 6, a! V). The problem is therefore indeter- 
minate. 
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Pboblem XXVIL 

To draw a straight line bisecting the angle between 
two given straight lines. 

The straight line bisecting the angle between the two lines is 
a line in the plane of these lines, and passing through their point 
of intersection. Determine the angle contained by the lines 
(Prob. XrV.) ; bisect it : the point in which the bisecting line 
meets the straight line joining the horizontal traces, will be a point 
in the plan of the bisecting line ; this point and the projections of 
the angular point are sufficient to determine the projections re- 
quired. The construction maj be seen in Fig. 30, where (a m, 
afm^) is the bisecting line, 

pbobleu xxvm. 

Through a given point to draw a stnught line parallel 
to a given plane. 

This problem is indeterminate, since a straight line drawn 
parallel to anj line in the plane will fulfil the condition (Prob. XL). 

Problem XXIX. 

Through a given point to draw a straight line parallel 
to two given planes. 

Construct the intersection of the planes (Prob. VI.) ; and 
through the given point draw a straight line parallel to the in- 
tersection (Prob. IL). This will be the straight line required. 

Pboblem XXX. 

Through one given straight line to draw a plane parallel 
to another given straight line. 

Through any point in the first line, draw a line parallel to the 

K 2 
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Becond (Prob, II.) ; then by Prob. V. draw a plane containing 
this parallel and the first line. This will be the plane required. 
This problem is always possible ; but it will be indeterminate 
when the two given lines are parallel, for in that case every 
plane passing through the first line, and not through the second, 
will be parallel to the second. 

Problem XXXI. 

Through a point in one given plane to draw a straight 
line parallel to another given plane. 

Construct the intersection of the planes, Prob. YI., and through 
the given point, draw a straight line parallel to the intersection. 
This will be the line required. 

Problem XXXII. 

Through a given point to draw a straight line perpen- 
dicular to a given straight line. 

Draw through the given point a plane piBrpendicular to the 
given line (Prob. XII.). Find the point in which the given line 
meets this plane (Prob. IX.). The straight line joining this 
point and the given point will be the perpendicular required. 
{Euc. XI. Def 3.) 

Problem XXXm. 

Through a given point to draw a plane perpendicular 
to two given planes. 

Find the intersection of the given planes (Prob. VI.) ; draw 
through the given point a plane perpendicular to this intersection 
(Prob. XII.). This will be the plane required {Euc, xi. 18). 

Problem XXXIV. 

Through a given straight line to draw a plane perpen- 
dicular to a given plane. 
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From any point in the straight line, draw a straight line per- 
pendicular to the given plane (Prob. XI.). The plane containing 
tBis perpendicular, and the given line, will be the plane required 
(Prob. v., Euc. XI. 18). 

Problem XXXV. 

Given the plan of a polygon situated in i given plane ; 
to find its elevation and real magnitude. 

Let ah cde (PI. I. Fig. 2) be the plan of a polygon, situated 
in the given plane P Q R. The elevations of the angular points 
of the polygon will be found by constructing the elevations of the 
points in which vertical lines drawn through a, b, c, d and e, re- 
spectively, meet the plane P Q R. These elevations may be con- 
structed by Problem IX. Let them be af,b\c'yd',^. The figure 
afb^&d'ef will be the elevation required. The angular points of 
the polygon ABODE itself are foimd by tmning the plane 
P Q R about the trace P Q in the manner explained in (35, iii.). 

Problem XXXVI. 

To determine the projections of a polygon situated in a 
given plane. 

Let AB C D E (PI. L Fig. 2) be'the given polygon; P Q R 
the given plane. The point a, which is the plan of A, is situated 
in A a, drawn from A perpendicular to P Q and at a distance 
from P Q equal to </'a, the base of the right-angled triangle 
(/'a a" ; in which triangle the angle af^o"a is equal to the angle 
n (/V, the inclination of the plane P Q R to the horizontal plane 
(Prob. XVI.) ; the hypothenuse af'o'^ is equal to A w (35). In 
the same way b, c, d, and e may be found, and the plan completed 
by joining the respective points. Again, the side a of' is the 
height of the point A above the horizontal plane. If, therefore, 
a a' be drawn perpendicular to a;y, and a'V parallel to a;y, the 
point afy in which these lines meet, will be the elevation of A. 
Similarly, ^, (/, d\ and e' may be found, and the elevation com- 
pleted* 

B 3 
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Probleji XXXVIT. 

To determine the projections of a circle situated in a 
given plane. 

1. Let the phine of the circle be parallel to one of the planes of 
projection, and perpendicular to the other. Its projection on the 
first will be a circle equal to the original one (13) : its projec- 
tion npon the second will be a straight line equal to the di^neter 
of the circle (12 and 18). 

2. Let the plane of the circle be inclined at any angle to the 
planes of projection. 

Let ACDFH (PI. L Fig. 3) be the circle; PQR the plane 
in which it is situated. Divide the circumference into equal parts 
in the points A, B, C, D, E, F, G, H : determine a, b, c, d, 6,/, g, A, 
the plans, and a% Vj (/, rf', c',/', A', the elevations of these points, 
as in Prob. XXXVI., by (35). The curves ahcdefgh and 
Q!Vc!d*f!fg^h! will be the projections required. 

These curves will be ellipses, whose major axes, being the pro- 
jections of diameters parallel respectively to the planes of projec- 
tion, are equal to the diameter of the cirde. 



El^ERCISES. 

1. Define the terms : trace of a line, trace of a plane, project- 
ing line, projecting plane, sectional elevation, plane of projection. 

2. Define the inclination of a straight line to a plane ; define 
aho a cone, a prism, a dihedral angle, and a trihedral angle. 

3. If two straight lines be parallel, their plans are also parallel. 
Prove this, and point out in what case the plan of an angle is 
equal to the original angle, and whether it is otherwise greater or 
less. 

4. The horizontal projection of a line is 6 ft. long, and inclined 
to the axis, or line of level, at an angle of 30°. The vertical 
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projection meets the axis at an angle of 20^. Construct the 
length of the line on a scale of -j^i^. * 

5. A plane is inclined 50^ to the horizon ; draw the plan of 
the locus of the intersection of all straight lines making an angle 
of 40^ with the plane, proceeding from a point 2 inches distant 
from it. 

6. The observed angle from a point A to two points B and C, 
of which the measured altitudes above the horizon, from the same 
point, are 30° and 35® respectively, is 45®. Construct the hori- 
zontal angle between the Hnes A B and A C. 

7. Two planes intersect so that their horizontal traces are at 
right angles to each other, the line of intersection is inclined 30® 
to the horizon, one plane is inclined 55® to the horizon ; what 
will be the inclination of the other plane ? 

8. Draw the plan of a regular pentagon of 1*5 inches side, its 
plane being inclined 49® to the horizon, and one of its sides hori- 
zontal. 

9. A square of 2*3 inches side, the plane of which is inclined 
at 47®, has one side inclined at 26® to the horizon. Draw the 
plan of the square. 

Note. — The Examples at the end of Chap. III. may be solved as ad- 
ditional exercises on this chapter. 
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CHAP. in. 



HORIZONTAL PROJECTION. 



1. Whatever be the surface under consideration, the ele- 
ments necessary to detennine it must always be foimd in its 
definition, in its generation, or in its properties. So that, these 
elements* being known, the solutions of all problems relative to 
that sur&ce may readily be deduced therefrom. 

2. Every sur&ce may be considered as having been generated 
by the movement of some line, constant or variable in magni- 
tude. 

3. Def, — The generating line is called the generatrix of the 
surface. 

4. Def, — ^The movement of the generatrix is regulated by one 
or more fixed lines ; these lines are called the directrices of the 
sur^e. 

5. A surfece may be represented graphically by the lines 
which constitute its generation ; a mode of representation remark- 
able alike for elegance and simplicity, as will hereafter be seen. 
Since, however, each particular surface is capable of being gene- 
rated in various ways, that method of representation should be 
chosen which is simplest, and best adapted to the problem under 
discussion. 

6. In the preceding Chapter a plane has been represented by 
its traces on the planes of projection. It may be regarded as 
if generated by the movement of a straight line resting, on both 
of the traces ; or by a straight line which, resting on one trace, or 
on any straight line in the plane, moves parallel to the other 
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trace. In this case, should the generating line moTe parallel to 
the horizontal trace, the plane would be represented by a series 
of straight lines parallel to the horizontal trace. A plane may 
also be generated by a straight line turning perpendicularly 
about a fixed straight line which it always meets in the same 
point. 

7. A spherical surface is generated by the revolution of a circle 
about one of its diameters which remains fixed. Here the 
generatrix is a circle, constant in magnitude ; the fixed diameter 
is the directrix, and the sur&ce may be represented as shown in 
Fig. 43. 

The spherical surface may also be considered as generated by 
a circle, whose plane is perpendicular to a diameter of the sphere, 
moving so that its centre is always in that diameter ; its radii, in 
its various positions, being ihe corresponding semi-chords of the 
great circle of the sphere. In this case the directrix is the 
diameter containing the centres, whilst the generatrix is a circle 



Fig. 43. 



Fig, 44. 





variable in magnitude. The surface may be represented as 
shown in Fig. 44. Since every diameter affords two kinds of 
generation, the surfece is evidently susceptible of an infinite 
number of generations. 

8. A cylindrical surface is generated by a straight line which, 
resting upon some curve, moves parallel to itself. From this 
method of generation it follows that the intersection, or intersec- 



58 HOfilZONTAL PBOJECTION. 

tions, of a cylindrical sur&ce bj a plane will be one or more 
Btraight linea. 

A cjlindrical surface may also be generated bj a plane curve, 
which, moving parallel to itself, has one of its points resting on a 
fixed straight line. 

9. Def. — If a cylindrical sur&ce be cut by two plaues perpen- 
dicular to the generating straight line, the portion intercepted 
betweeh the plaues is termed a right cylinder ; and, if the direc- 
trix be a circle, the cylinder will be the same as that generated 
by the revolution of a rectangle about one of its sides. 

10. Def. — A conical surface is generated by a straight line, 
which, passing through a fixed point, called the vertex^ moves about 
that point in accordance with some law. It is, therefore, evident 
that the intersections of a conical surface by a plane passing 
through the vertex, will be two straight lines. 

11. When the generatrix moves about the vertex in such a 
manner that a second point in it describes a circle, whose plane 
is perpendicular to the straight line passing through its centre 
and the vertex, the cone is called a right cone. Such a cone 
would be represented by a series of concentric circles, the dis- 
tance between two consecutive ones being constant. 

12. Def, — The axis of a cone is the straight line drawn 
through the vertex and the centre of the directrix. 

13. Def. — ^The sheets of a cone are the siur&ces separated by 
the vertex. 

14. Def, — ^A curve surface may be considered as a polyhedron 
(Chap. rV.), whose feces are infinitely small ; a tangent plane will 
then be nothing more than one of these faces indefinitely ex- 
tended. Thus, to obtain a clear conception of a tangent plane to 
a surface in a point, imagine an indefinitely small portion of the 
surface aroimd the point to be taken ; this may be considered as 
lying in one plane, and that plane indefinitely extended, will be 
the tangent plane. Or thus : conceive any number of lines 
drawn through the point of contact cm the surfece, and take 
infinitely small portions of such lines around the point; these will 
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all be fiitnated in the tangent plane. These small portions of the 
lines may be considered as straight lines, which, if produced 
indefinitely, will be tangents to lines on the snr&ce ; of each of 
these tangents an indefinitely small portion lies in the tangent 
plane, they must therefore lie wholly in that plane. The tangent 
plane to a surface in a point is therefore the plane containing the 
tangents, drawn through the point of contact, to all lines that can 
be drawn on the surface, through the point of contact. 

15. It is manifest (14) that, if a plane touch a cylinder or a 
cone in a point, the generating straight line passing through that 
point lies entirely in the tangent plane; this property will 
be made available hereafter in drawing tangent planes. It is 
further evident that if the cone be a right cone with circular 
base, the tangent plane will be inclined to the base at the same 
angle as the generatrix ; since the tangent plane will be perpen- 
dicular to the plane passing through the point of contact and the 
axis. 

These brief remarks on the generation of surfitces have been 
inserted here as introductory to what follows on horizontal pro- 
jection, in which branch of the subject it is often found convenient 
to represent a surface by means of the plans of its generatrix in 
various positions. 

16. It has been shown in the preceding chapters that all points 
and lines in space may be represented by means of their projec- 
tions on two planes cutting each other at right angles. In some 
cases, however, it is more suitable to represent objects by their 
plans only. This is especially the case in fortification and topo- 
graphical drawings, in which, as many of the lines are nearly 
horizontal, the elevations would often intersect beyond the 
limits of the drawing. The elevations thus dispensed with are 
replaced by indices affixed to the plans of the various points, 
and denoting the vertical distances of those points from a given 
horizontal plane, called ihe plane of reference, or comparison, 

17. Def — This kind of projection is known as horizontal 
prqjection, 

18. Def, — A figured plan is a plan which has attached to it a 
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number, showing, in units of the scale of the drawing, the verti- 
cal distance from the plane of reference of the point of which it is 
the plan. This number, as stated above, is termed the index of 
the point 

19. The indices of all points in the plane of reference will 
evidently be zero ; whilst those of all points below that plane will 
be negative. Negative indices may however be avoided by as- 
suming the plane of reference to have an elevation not greater 
than that of any point in the drawing. In the following problems 
the horizontal plane of projection will be assumed as the plane of 
reference. The horizontal trace of a line will then be that point 
in the line whose index is zero. This will be termed the zero 
point of the line. Again, since all points in a horizontal line, or 
in a horizontal plane, are equidistant from the plane of reference, 
they must evidently have the same index ; and when such line 
is the horizontal trace of a plane, its index will be zero, and it 
will be simply called the trace of the plane. 

20. As an illustration of the foregoing definitions it may be 
stated that the point lettered thus, P^^, would denote a point in 
space whose plan is P, and whose vertical distance from the 
plane of reference is p units of the scale of the drawing. If the 
tmit were '1 inch, P^S would be a point '3 in. above the plane; 
P^-3 a point '3 in. below it. 

21. It is manifest that a point is known when given by its 
figured plan. For any straight line drawn in the plane of refer- 
ence may be considered as the intersection of that plane by a 
vertical plane ; and on this plane an elevation may be made in 
accordance with Chap. I. 

This is what must be understood when in the following pro- 
blems the expression " make an elevation of the point " occurs. 

A straight line is determined by the figured plans of two 
of its points, since only one straight line can pass through the 
same two points. 

22. Def, — ^The line mentioned in 21, corresponds to the axis 
or ground line in Chapters I. and II. ; it wiU, however, in this 
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Chapter, be termed the line of level ; and, unless the contrary be 
stated, its index will always be zero, 

23. When two straight lines intersect in space, their plans will 
also cut each other, and the point of intersection will have the 
same index in both plans. It can therefore be ascertained 
whether two lines, whose plans have a common point, cut each 
other or not. 

24. Since parallel straight lines are equally inclined to the 
plane of reference, their plans, which will be parallel, will 
have their indices increasing uniformly in the same direc- 
tion. In other words, equidistant points on the plans of two 
parallel lines will have equidifferent indices. This affords a 
means of determining whether lines given by their plans are 
parallel or not, 

25. Def. — ITie contours of a surfece are the lines in which it ia 
intersected by a series of equidistant horizontal planes. 

From this definition it follows that the contours of a plane are 
a series of equidistant horizontal straight lines, parallel to the 
horizontal trace of the plane. 

26. Def. — The horizontals of a plane are the plans of its con- 
tours, and are therefore a series of equidistant straight lines 
parallel to the horizontal trace of the plane. 

27. A plane is adequately represented by two of its figured 
horizontals. This is evident ; for if a Kne of level (22) be drawn 
at right angles to the horizontals it will be the horizontal trace of 
a vertical plane at right angles to the given plane, and to its con- 
tours. The traces of the contours on this plane may be at once 
determined, since they will be situated in the horizontals pro- 
duced, and at distances from the line of level equal to their 
respective indices. These traces will be two points in the trace 
of the given plane ; the straight line joining them will be that 
trace, and if produced to meet the line of level, the angle which 
it makes with that line wiU be the angle at which the plane is 
inclined to the horizontal plane. The straight line drawn through 
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the point in wMch the trace and line of level intersect, paralld 
to the horizontals, will be the horizontal trace of the plane. 

To illustrate this, let A^a and Bfi (Fig. 45) be two horizontals 
of a plane. Draw xi/ aX right angles to these horizontals, and 
meeting them in r and 8 respectively, make r A' eqnal to a, sW 
equal to h ; then the straight line P Q passing through A' and B', 
and meeting a?y in O, will be the trace of the given plane; the 
angle Q O y will be its inclination to the horizontal plane ; and 
the straight line O^o, drawn through O, parallel to A^a and B^5, 
will be the horizontal trace of the plane. 

Fiff, 46. 
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This construction will sometimes be called ^' making an eleva- 
tion of the given plane on the line of level «y," because the line 
P Q contains the elevations of all points and lines in the given 
plane, when the vertical plane, whose trace is xi/, is considered 
as the plane of projection. 

2S. The horizontals of parallel planes will be parallel (Etic. xi. 
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16), and their indices will increase alike in the same direc- 
tion. That is, equidistant horizontals in the two planes will 
have equidifferent indices. This property affords a means of 
ascertaining whether planes are paiullel or not. 

29. Def, — The scale of a plane is a straight line, perpendicular 
to its horizontal trace, graduated at the points in which it would 
be cut by equidistant horizontals of the plane, the points of 
graduation having attached to them the indices of the correspond- 
ing horizontals. 

Let H T (Fig. 46) be the horizontal trace of a given plane. 
Draw a?y at right angles to H T, and meeting it in O. Through 

Fig, 46. 




O draw PQ, making with ^^ an angle equal to the inclination 
of the given plane to the horizontal plane. From any point M 
in P Q draw MR perpendicular to xy; set off, on RM, Ra = 
ab = bcs= cd = &c. &c. &c. = 1 unit of the scale of the draw- 
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ing; draw am, bn, cp, dq, &c, &c, &c, parallel to ^ry, and 
meeting P Q in m, n, p, q, &c. respectively ; draw through m, n,p, q, 
&c. straight lines parallel to MR, and meeting xy m the points 
marked 1, 2, 3, 4, &c. ; xy will be the scale of the plane gradu- 
ated according to the definition. This will be evident if. the 
profile plane Q O R be supposed to take a vertical position. 

30. The scales of parallel planes will be parallel, since they are 
perpendicular to the horizontals which are parallel (28). 

31. K P Q be the (elevation of a* straight line whose plan is 
X y ; the graduated scale O R will evidently be the scale of the 
line. In order to distinguish between the scale of a plane and 
that of a line, it is usual in practice to draw the scale of a plane 
as shown in the figure ; whereas the scale of a line is represented 
by a single graduated straight line only. The scale should if 
possible be constructed in such a position as to have all points in 
the drawing on one side of it, and this side should be that oppo- 
site to the heavy line. 

32. When the term " inclination " is used, without any quali- 
fication, it must be understood to signify the inclination of a line, 
or plane, to the plane of reference. 

Problem I. 

Through a given point to draw a straight line having a 
given inclination. 

Let A, a (Fig. 47) be the given point. Through A, in the hori- 
zontal plane, draw a straight line x y : on a; y as a line of level, 
make an elevation of A by drawing A A' perpendicular to a? y, 
and making A A' equal to a. At the point A' in A A' make the 
angle A A' O equal to the complement of the given inclination. 
Let A' O cut X y in O : the angle A. O y being equal to the 
given angle. A' O is the line required. O is a point in its plan 
having an index zero (17) : the indices of two points in the line 
being thus known the line is determined (19) if the position of 
xy is known. Otherwise the problem admits of an infinite 
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number of solutions ; since all straight lines passing through A^, 
and meeting the horizontal plane at a distance from A equal to 
A O will have the same inclination. (Ch. I, 33, Cor, ii.) 



Problem II, 

Given the plan of a line ; to determine^ (I) its inclina*? 
tlon; (2) the length of the line between two points 
whose indices are given ; (3) a point in the plan having 
a given index ; (4) the index of a giyen point 

1. Let A^a and B^ft (Fig. 47) be the two given points in the 
plan X y. Assuming a; y as a line of level, draw A A' equal to a, 
and B B' equal to h, perpendicular toxy. Join B' A' and produce 
it to meet x y mO\ the angle B O y will be the inclination re-^ 
Quired. (Chap. I. 33.) 

/V^. 47. 




ak» 



2. The line, c^ which A B is the plan, is the h3rpothenuse of a 
right angled triangle, whose base is equal to A B; and whose 
perpendicular is a *' h ; A! W is therefore the line required. If a 
and h had opposite signs, A A' and B B' would have been drawn 
on opposite sides of x y. The perpendicular would then have 
been a + ^. This construction applies to (1) also. 

3. Let Qifi be the given point ; draw C C perpendicular to a? y ; 
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through A', B', Q draw straight lines parallel \X) x y : then by 
similar triangles, 

a -ft : a- c:: a'b' : A'c^ 

:: A B : A C (a); 
therefore, A C = x A B, which determines A C, since a, J, c 

and A B are known. 

4. AB : AC :: a--b : a^ c (/3); 

A C 
therefore, a '*' c s= (a '^ ft) X -r—-, which added to the index of 

AB 

A gives the index of C. 

These constructions have been based on the assumption, that 
the index of the horizontal line A B is zero. Should this not be 
the case, the index of that line will have some definite value as 
+ d, which must in every case be added, with its proper sign, 
to the indices obtained as above. 

N. B. The readiest way of finding A C in (a) and a '^ c in QV) 
will be to use the line of lines on the sector. (Part I. Chap. II.) 



Problem III. 

Through a given point to draw a straight line parallel 
to a given straight line. 

Let A,a and B^ft (Fig. 48) be two points in the plan of the 
given line : C^c the given point. Then since the lines are to be 
parallel their plans will be parallel (Chap. 1. 11.) Draw through C 
a straight line P Q parallel to A B : P Q will be the plan of 
the required line. On A B as a line of level, make elevations A' 
and B' of A and B, as in Prob. I. Join A' B', and produce it to 
meet A B in O ; O will be the zero point of the given line : 
make an elevation of C, as C : through C draw C E, parallel 
to A' B', and meeting P Q in £ : E will be the zero point of the 
required line. C E C its inclination, which is equal to that of 
the given line. The line is determined since the indices of two 
points in its plan are known. 
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Fig. AS. 




pboblem rv. 

Through a given point to draw a plane parallel to a 
given plane. 

Since the planes are to be parallel, their horizontab will be 
parallel. (Euc. xi, 16.) 



X 




Fig. 49. 
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Let A^a and Bfi (Fig. 49) be tiro horizootals of the given plane : 
C,e the given point. Through C draw x y, as a line of level, 
perpendicular to the horizontala* G^c will be a horizontal of the 
required plane. Make C D equal to A B : through D draw a 
straight line parallel to C,c : this will be another horizontal of 
the required plane ; and its index d will evidently be equal to 
^ db (^ '^ ^)f According as B is greater or less than A. 

Otherwise^ let M N (Fig. 50) be the scale of the given plane, 
the index of M being zero : A,a tfie given point. Through A 



Fig, 50. 




draw P Q the scale of the required plane, parallel to M N (28). 
Draw M M' perpendicular to M N and equal to a : make the 
angle N M N' equal to the inclination of the given plane : draw 
M' N' perpendicular to M M' and meeting M N' in N' : draw N' 
N perpendicular to M N, Make A P equal to M N : then the 
index of P will be zero : and the plane is therefore determined, 
since its scale can be graduated from that of the given plane. 
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Problem V. 



Through a given point in a given plane^ to draw a 
istraight line that shall have a given inclination. 

The inclination of the line cannot be greater than that of the 
plane. (Chap. 1* 33.) 

If the inclination of the line be equal to that of the plane ; 
only one line can be drawn to fulfil the condition. In thi^ case, 
the problem will be solved by drawing through the given point 
a straight line, perpendicular to the horizontals of the plane : this 
will be the plan of the requfred line t and the points in which it 
cuts the horizontals will have the same indices as the horizontals. 

Fig, 51. 




If the inclination be less than that of the plane, the problem 
will be indeterminate, since two lines can be drawn iulfilling the 
conditions of the problem ; that is, lying in the given plane, and 
making a given angle with the horizontal plane. 

Through A,a, the given point (Fig. 51), draw x y perpendicular 
to C^c and B^5, the horizontals of the given plane. On a; y, as a 

V 3 
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line of lerel, make an elevation of the given point A^a, as A' : 
find the point in a; y, whose index is zero (Prob. 11.), let it be O : 
through O draw O D, parallel to the given horizontals, this will 
be the trace of the given plane. At the point A' in A A' make 
an angle A A' Q, eqnal to the complement of the proposed incli- 
nation. Let A' Q cut a; y in Q ; A' Q will be a line having the 
proposed inclination : A Q its plan. With A as a centre and 
radius A Q, describe a circle cutting D D' in D and D': joii^ 
A D and A D' ; these lines will be the plans (Chap. I. 33) of two 
lines fhlfilling the conditions. 

Pboblek VI. 

To find the intersection of two given planes. 

1. Let the horizontals A,a, B^b and C,c, D^d (Fig. 52) of the 
given planes be parallel. Draw x y perpendicular to the hori- 

Fig* 62. 
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zontals ; on a; y, as a line of level, make elevations A' B', C D' of 
the planes. Through P' the point in which these elevations in- 
tersect, draw P^, parallel to Kp, or Qjc ; Pj) will be the plan 
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of the intersection of the planes, and its index p may be readily 
determined from the indices of the given horizontals. (Prob. IE.) 
2. If the horizontals of the two planes be not parallel, let A^a 
and "Bfi (Fig. 53) be the horizontals of one plane ; C,c and D^d 
those of the other : in this second plane find (Prob. 11.) two hori- 
zontals A^a and B^d : the points in which these respectively in- 



Fig. 53. 




tersect the corresponding horizontals of the fii-st plane, will be 
two points in the plan of the required intersection. The straight 
line drawn through these points will be the plan required : and, 
since the indices of two points in it are known, it is fully deter- 
mined. 

Otherwise, let M N and P Q (Fig. 54), be the scales of the 
given planes ; M R and P S being their traces : through the 
points of the scales figured a and b in each draw straight lines 
parallel to the traces of the respective planes. Let these parallels 
intersect in A,a and B,b: the indefinite straight line passing 
through A and B will evidently be the plan of the intersection. 

The solutions of the cases when the scales are pai-allel, and 
when one of the planes is perpendicular to the plane of reference, 
are left as an exercise, 

V 4 
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Fig. 54. 




Problem VII. 



To find the intersection of a given straight line and 
a given plane. 

Let A.fl and "BJb (Fig. 55) be the horizontals of the given 
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plane : D C ihe plan of the line. Draw x y perpendicular to 
A^a or B^6 : on a; y as a line of level, make elevations of th^ 
plane and the line. 

The point P' in which C D' the elevation of the line cuts A' B', 
the elevation of the plane will be the point required* For the 
elevation of the point in which the line meets the plane must be 
in A' B' and in CD'; it will, therefore, be P', the point in 
which these lines intersect. Let P' P drawn parallel to D D', cut 
C D in P : P will be the plan of the point of intersection : its 
index j9 being equal to P' Q. 



Problem VIII. 

To draw a straigtit lind thifough d. given point per- 
pendicular to a given plane. 

Let A^a, B^J (Fig. 56) be two horizontals of the given plane J 
P,p the point. Since the line is to be perpendicular to the plane^ 
its plan will be perpendicular to the trace of the plane {Euc*. 
XI. 18, and Def. 3). 

Fig* 56« 




Let a: y be this plan, on it make an elevation A' B' of ih6 
plane ; and an elevation P' of the point. Then the elevation of 



7i SORXZOKTAL PBOJECTIOlf.- 

^e line will be perpendicular to that of the plane (Chap. I. 80). 
Draw P Q' perpendicular to A' B' ; this will be the elevation of 
the line; and since P' Q^ lies in the vertical plane passing througb 
rry, it is evident that P' Q' measures the distance of the given 
point fix)m the given plane. If F Q' meet a? y in O : P'O P 
will be the inclination of the line. 



Problem IX. 

Through a given point to draw a plane perpendicular 
to a given line. 

. Let X y (Fig. 66) be the plan of ihe line, P^p a point in^ it, 
"Bfi the given point. P' O being the elevation of the line, B' 
that of the given point ; through B' draw A' B' perpendicular to 
P' O ; A' B' will be the elevation of the plane : and since the 
indices of the horizontals passing through B and Q are known,' 
the plane is determined, and majr be eaailj represented either by 
its horizontals or by its scale. 



Problem X. 

To determine tVie angle between two given pUmes. 

« 

Determine the traces A^o of each plane and two horizontals 
"Bfi : let these horizontals intersect in C, and the traces in O, 
(Fig. 57); the straight line x y drawn through O aad C will be the 
plan of the intersection of the planes (Prob. VI.). In x y find a 
point H^A ; draw H H' perpendicular to x y, and h units in 
length. Join O H' ; from H', draw H' Q perpendicular to O H' : 
through Q draw A Q A" perpendicular toxy : meeting the traces 
in A and A". Make Q R equal to Q H' : join A R and A" R : 
the angle A R A" will be the angle required. (Chap. I. 35.) 

This problem may be solved in a similar way when the planes 
are given by their scales. 
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Fig. 57. 




Problem XI. 



Through a given straight line to draw a plane perpen- 
dicular to a given plane. 

If from any point in the given line a straight line be drawn 
perpendicular to the given plane. The plane containing this 
perpendicular and the given line will be the plane required. 

Let M N (Fig. 58) be the scale of the given plane ; H M 
being its trace, A B the plan of the given line ; the index of A 
being zero, that of B, h. Through B draw H I perpendicular to 
H M : B C parallel to H M : make B B' equal to J ; and B C 
equal to the index of the corresponding point of the plane. Join 
Of H, and draw K' I through B' perpendicular to Of H, and 
meeting H I in I ; I will be the trace of this perpendicular 
(Prob. Vni). The trace of the required plane must pass through 
I and also through A, the trace of the given line. I A is there* 
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fore the trace required. Draw K^ K parallel to H M : K K' will 
be equal to the index of a point in the plane. If the scale line 
P Q be drawn perpendicular to the trace I A, and graduated, 
the problem is solved. 

Fig. 58« 




To graduate the scale : let I A and P Q intersect in : join 
K : in K K' make K h equal to one imit of altitude : draw h 1 
parallel to K and meeting P Q in 1 ; 1 will be the first 
division of the scale; which may therefore be completed by 
setting off along P Q distances equal to 1, and annexing the 
proper indices. 



Problem XII. 



Through a given point in a given plane^ to draw a 
straight line^ which shall make a given angle with a given 
straight line in that pkne. 

Let M N (Fig. 59) be the trace of the plane, A O the figured 
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plan of the given line ; Tj> the given point : through P draw 
P Q, parallel to A O, meeting M N in R, and x y perpendicular 
to M N ; draw P P' perpendicular to a? y, and equal to p units of 
altitude. Join P^ 'vvith V the point in which x y cuts M N; 




inake Y S equal to V P' : join R S ; make the angle R S T equal 
to the given angle. Join T P ; T P will be the plan of the re- 
quired line, which may be figured by drawing parallels to M N. 

This construction is obvious, since the triangle T P R is evi- 
dently the plan of a triangle identical with T S R. (Chap. I. 35.) 



Problem Xin, 

Through a given point to draw a straight line, having 
a given inclination and parallel to a given plane. 

Let H,^, \i (Fig. 60), be two horizontals of the given plane, 
Pj!?, the given point ; on a; y as a line of level at right angles to 
the horizontals, make an elevation H' V of the plane, and let 
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H' r meet x y iaO : through O draw O E perpendicxdar to a; ^ ; 
O £ will be the trace of the plane. At I' make the angle 1 1' G, 
equal to the complement of the given inclination. From any 
point A in the horizontal I^t, draw A B perpendicular to I^t, and 

Fig. 60. 




equal to I C : with A as a centre and radius A B, describe a 
circle cutting the trace O E in D and E : D and E will be the 
zero points of two lines in the plane having the given inclination : 
the plans of these lines will evidently be A D and A E. Through 
Tj) draw P Q and P R parallel to A E and A D respectively ; 
P Q and P R will be the plans of two lines fulfilling the condi- 
tions of the problem* The index of P and the inclination of the 
lines being given, the plans may readily be figured. 

N.B. The inclination of the line must not be greater than that oi the 
plane (Chap. I. 33). The problem, depending upon the intersection of a 
straight line and a circle, will evidently admit either of two solutions, 
of one solution, or be impossible, accordingly as the circle cuts D, 
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touches D, or does not meet D : the third case arises when the inclin- 
ation of the line is greater than that of the plane ; the second when it is 
equal to it; the first, when it is less. 



Problem XIV. 

To draw a plane, making a given angle with a given 
plane, and containing a given line in that plane. 

The line wiU evidently be the intersection of the given and 
required planes. 

Let A^o (Fig. 57) be the trace of the given plane, P Q its scale, 
icy the plan of the given line; in rcy, take a point H^A, draw 
H H' perpendicular to xy and equal to h units of altitude ; join 
H' with O the trace of the line ; draw H'Q perpendicular to 
O H' and meeting xy in Q ; through Q draw A Q A" perpendi- 
cular io xy\ make Q R equal to Q H'; join A R ; draw R A", 
making with A R an angle equal to the profile angle of the two 
phmes, and cutting AA" in A"; A" will be a point in the trace of the 
required plane, and O is another point in the trace, consequentlj, 
the straight line A" O is the trace ; and since H^^ is a point in 
the plane, if the scale be drawn through H perpendicular to the 
trace, it can be graduated at once. 



Problem XV. 

Given the plans of two lines to determine the angle 
Contained by the lines. 

Let A P and A Q (Fig. 61) be the plans of the lines, P and 
Q being their traces, A^a the point of intersection ; then the 
straight line P Q will be the trace of the plane containing the 
lines. Through A draw A B perpendicular to P Q ; draw A A' 
perpendicular to B A, and equal to a units of altitude ; in B A 
produced, make B A" equal to B A', join P A" and Q A" ; the 
angle P A" Q will be the angle required (Chap. I. 35). 
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Fig. 61. 




Pboblem XVI. 

To determine the horizontals and the inclination of a 
plane containing three given points, 

Let A^a, 'Bfi, Cfi (Fig. 62) be the given points. 
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^oin any two of these points as B and C ; in the line B C, find 
H point whose index is a (Prob. 11.). Join this point with A^ai 
the line thus drawn will be a horizontal of die required plane, 
haying an index a ; a line drawn through B or C parallel to 
A^a will be a second horizontal of known index, and the plane 
is therefore determined. 

Draw X y at right angles to these horizontals ; on it as a line of 
level make elevations A', B', C of A, B, C respectively. A', B', C, 
being points in the vertical trace of a plane, should be in a straight 
line. The angle O O y which this line makes with a; ^ is 
evidently the inclination of the plane. 



pBOBLElf XVII, 

To determine the plan of a rectilineal figure^ having 
given (1) the inclination of its plane^ an4 that of one side : 
(2) the inclination of two of its sides. 

Either of these data will suffice to deteriiiine ^e position of 
the figure with reference to the horizontal plane. The problem 
will be simplified by assuming the plane of the figure at right 
angles to the vertical plane of projection ; and, consequently, its 
trace perpendicular to the ground Jine, or line of level. 

I. Let P Q R (Fig. 63) be the given planp, draw a P, the plan 
of a line in it, having the given inclination (see Prob. XIII.), 
Find, by Chap. I. 35, the position A, of the point whose plan is a, 
^hen the plane P Q R has been turned ^bput its trace P Q into 
coincidence with the horizontal plane. Make A B equal to the side 
Whose inclination is given ; on A B describe the figure A B in 
its real magnitude; find its plan a ft c, by Chap. II., Prob.. 
3CXXVI, as shown in Fig. 63. 

Note. — It is manifest that any line A B, and its plan a b, i( 
produced, will meet the trace P Q in the same point S. The 
point b may, therefore, be found by drawing B T parallel to a; y, 
and cutting a S in ft ; this method oflen considerably shortens the. 
construction. Although introduced here as a separate problem, 

II. G 
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this problem is merely a combination of Prob. Xm., Chap. III., 
with Prob. XXXVI., Chap. 11. 

2. Let A B C D £ (Fig. 64) be the given figure, its two 
ndes A B and A E being inclined a° and j3® respectively to the 

JV. 68. 




horizon, tn A £ produced assume any point P, as the trace of 
A £ ; make the angle A P G equal to a ; from A draw A G per- 
pendicular to P G : with A as a centre and radius A G, describe 
the circle G K H ; draw Q H touching this circle in H, making 
an angle /3 with A B, and meeting A &, or A & produced, in Q f 
Q will be the trace of A B ; and the straight line P Q the ti«c6 
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Fig. 64. 
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of the plane containing the given figure. Then, by Chap. I. 35, 
the plan of A will be in the straight line A T, drawn fixmi A per- 
pendicular to P Q ; its distance from P Q being equal to the 
base of a right-angled triangle, whose hypothenuse is A T and 
perpendicular A H. This triangle maj be constructed in the 
following manner : — ^With P, or Q, as a centre, and radius P G, 
or Q H, describe a circle cutting A T in a, a will be the plan of 
A. Through Q draw x y perpendicular to P Q ; xy may be 
assumed as the trace of a vertical plane perpendicular to the 
plane of the figure. Draw A L perpendicular ix) xy ; with centre 
Q, and radius Q I/, describe a circle L N c/ ; draw a M perpen- 
dicular to xy, and meeting this circle in a' ; a' will be the eleva- 
tion of A on the vertiod plane, whose trace is x y. Through a' 
draw Q R ; Q R will be the vertical trace of the plane of the 
figure; the angle R Q x its inclination to the horizon, and Q M a' 
the triangle req:uired. The elevations, V, d^ d\ e', and the plans 
6, c, rf, e may now be readily foimd (Chap. I. 85) ; or by the prin- 
ciple stated in jthe preceding Note. Both construetions are shown 
in Fig. 64. 

Oh%. — The re;Biftifling portion of this Chapter will require a knowledge 
of the projections of a cone and its tangent plane ; which may be acquired 
firom Chap, IV., Probs. XI. XII. and XIII. 



PROBLEM XVIII. 

To draw a plane to contain a given line and have a 
given inclination* 

1. If the lin(B be horizontal, it will be one of the horizontals of 
the required plane. 

2. If the line be not horizontal, let A B (Fig. &5) be its plan ; 
on A B, as a line of level, make an elevation A' of A. 

At A' in A A', make the angle A A' P equal to the comple- 
ment of the given angle of inclination. Let A' P cut A B in P ; 
with A as a centre, and radius A P, describe a circle C P D ; from 
O, the zero point of A B, draw O C and O D, touching this circle 
in C and D. O C and O D will be the horizontals of two planes 
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fulfilling the proposed conditions. The inclination of the plane 
being given other horizontals may be determined, having given 
indices. 



Fig* 65. 



A' 




NoTB. — The inclination of the plane mnst not be less than that of the 
line (Chap. I. 33.) If the inclination of the plane be equal to that of the 
line, there will be only one solution, P and will coincide, and the hori- 
zontal trace of the plane will pass through and be perpendicular to A B. 



Problem XIX« 

Through a straight linq inclined at a given angle, to 
draw two planes inclined at given angles. 

Let the angle of inclination of the line be a?\ those of the 
planes being /3® and 7° respectively. 

Assume the line to be projected iaxy (Fig. 66) at any point 
A in a;y; make the angle BAB' equal to a, and from a second 
point B draw B B' perpendicular to a; y ; A will be the trace of 
a line having the proposed inclination ; B/ (if B B' be equal 
to h) will be a point in both planes. 

a 3 
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Make the angle B C B' equal to fi, and B D B' equal to y : 
Wb may be assumed as the common vertex of two right cones 
whose generatrices are inclined /5° and y° respectively to the 
horizon : the required planes must be tangents to these cones, 
each to each ; their traces must pass through A, and touch the 
traces of the cones (14 and 15, Chap. in.). 

Fig. 66. 




The following will therefore be the construction : — 

With B as a centre and radii B C, B D describe the circles 
P C E, Q D S : from A draw A P and A 8 touching these circles 
in P and S : A P and A 8 will be the traces of two planes ftil- 
filling the conditions. Through B draw B E parallel to A P ; 
B F parallel to A S ; these lines will be horizontals of the planes, 
having an index b the planes are therefore determined. 

This problem admits of four solutions, as shown in the figure. 

Cor, If the angles a, fi (or y) and B A S, were given, the 
angle y (or /3) might readily be foimd, as is evident from the 
construction. 
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Problem XX. 



To draw a straight line through a given point to 
make a given angle with one given plane and to be 
parallel to another given plane. 

Fig. 67. 
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The angle between the line and the plane must not be greater 
than that contained by the two planes. (Chap. I. 33.) 

Let A^a (Fig. 67) be the giveh point ; P Q the trace, Bfi a 
horizontal of the first plane ; C^d and t>^d twd horizontals of the 
second plane. Draw x y perpendicular to P Q, and on a? y as a 
line of level make an elevation Q R of the first plane : assume 
A,,a to be the vertex of a right cone, with circular base, standing 
on the plane P Q B ; so that A' G' H^ is its elevation ; the curve 
HON being the plan of the base of the cone (Chap. II. Prob. 
XXXVII) ; and the angle A' G^ H' equal to the given angle. 

Through A^a draw a plane parallel to the second (Prob. TV.) : 
find (Prob. Vli) E t* the intersection of this plane with the plane 
P Q R : let £ i^ meet the plan of the base of the cone in M and 
N : through A draw A M and A N : these wiU be the plans of 
two lines fulfilling the conditions of the problem. For being the 
plans of the generatrix of the cone in two positions, they make 
the given angle with the plane P Q R, and also being in a plane 
parallel to the second plane, they are parallel to that plane. 



Proibleii XXIi 

¥o di'aw a plaile td contaiii a given line^ and to make a 
given ailgle with a given plane^ not containing the line. 

Let P Q (Fig. 68) be the trace of the plane, A C the plan of 
the line. Draw a; ^ at right angles to P Q ; and on a; y as a line 
of level make an elevation Q R of the given plane. 

Make any point A/e in the given line, the vertex of a right 
cone with circular base standing on the plane P Q R ; its ge« 
neratrix making with that plane an angle equal to the given 
angle. Let A' G' H' be the elevation of that cone, the ellipse 
M O N being the plan of its base. Find by Problem VII. Bfi 
the point in which the line (A C, A' C) meets the plane P Q R. 
From B draw B M and B N, touching M O N in M and N res- 
pectively : B M and B N will be the plans of two lines in which 
the plane P Q R is cut by two planes, which will fulfil the 
conditions of the problem, when made to contain the point A a : 






HOBIZONTAL ^BOJECHON, 



S9 



'Which may readily be aocomplislied bj determining the trace of 
the plane hj means of those of the lines (A B, A' B') and (A M, 
A'MO- 

Fig. 68. 




By turning 4;he plane P Q R, with the base of the cone in it, 
above its trace P Q, as shown in the figure, and drawing tangents 
BM, BN to ^e circle mon, the points M and N may be found 
(Chap, I. 35), without the necessity of describing the ellipse 
HON and drawing tangents to it. 
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Problem XXn. 

To draw a plane that shall have a given inclination^ and 
make a given angle with a given plane. 

The solution of this problem will merely be indicated without 
the aid of a diagram, which the preceding portion of the work 
should enable the reader to supply. 

Make any point the common vertex of two right cones A and 
B, with circular bases ; A having its axis perpendicular to the 
horizontal plane and its generatrix making with that plane an 
angle equal to the given inclination ; B having its axis perpendi- 
cular to the given plane, its generatrix making with that plane 
an angle equal to the angle between it and the required plane. 

Determine the intersections of these cones by the horizontal 
plane ; that of A will be a circle ; that of B an ellipse. Every 
common tangent that can be drawn to the circle, and the ellipse 
will be the trace of a plane fulfilling the given conditions : and 
since the inclination of such plane is given, its scale can be at 
once constructed. 

It is evident that, when the circle and ^e ellipse fall entirely 
without each other, four common tangents can be drawn ; when 
they touch, three ; when they cut, two ; when one falls within 
the other, none. The problem, therefore, admits of four solu- 
tions ; three solutions ; two solutions ; or it is impossible. 



Exercises. 

1. Draw a plane inclined 56° to the horizon ; in this plane 
place a straight line inclined 46° to the horizon. From any 
point in this line erect a perpendicular to the plane 2 inches 
long. 

2. Draw two planes inclined at angles of 40° and 63° re- 
spectively, and intersecting in a line inclined at 27°. Find the 
dihedral angle contained by the planes. Scale, 10 units to the 
inch. 
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8. Two lines, each two inches long, are inclined at 25° and 
30^ respectivelj to the horizon in a plane inclined at an angle of 
50°. Draw the plan of the lines in position, and construct the 
real angle contained bj them. Scale, 10 tinits to an inch. 

4. Determine the inclination to the horizon of a line 2' 78 
inches long, one extremity being 1*56 inches higher than the 
other. Also of another line 3*6 inches long, its plan being 2*3 
inches long. 

5. A line, 2 inches long, has its sides respectivelj 5 and 19 
units above the horizontal plane. Find its intersection with a 
plane inclined at 60° to the horizon, assuming any relative posi- 
tion on plan. Scale, 10 units to one inch. 

6. Find the intersection of two planes inclined at 30° and 54° 
to the horizontal ; their horizontals being parallel. 

7. The plans of two lines contain an angle of 80^, the lines 
being inclined to the horizon at angles of 50° and 35°. Deter- 
mine the real angle contained by the lines, and also the inclina- 
tion of the plane in which they lie. Through the line inclined 
at 35°, draw a plane making an angle of 75° with the plane con- 
taining the two lines. 

8. Draw a plane, making an angle of 42° with another in- 
clined at 50° to the horizon ; and passing through a line, not in 
the given plane, inclined at 30° to the horizon. 

9. Draw a line inclined 35° to the horizon ; through it draw 
a plane inclined at 58^; and in the latter place a line making an 
angle of 30° with the former line. 

10. Draw a plane inclined 42° to the horizon, and a perpendi- 
cular to it 2 inches long: through the perpendicular draw a 
plane, making an angle of 55° with the horizon. Find by con- 
struction the dihedral angle of the planes. 

11. A plane inclined at 60° to the horizon makes with another 
plane ah angle of 70°, the intersection of the two planes being 
inclined at 42°. Find the inclination of the second plane. 
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12. An equilateral triangle, with a side of 2*2 inches, has two 
of its sides inclined at 25° and 40° to the horizon. Draw its 
plan. Determine the inclination of the plane of ^e triangle. 
Draw the plan of the circle circumscribing the triangle. 

13. Through a line inclined at 40° to the horizon, draw a 
plane, making an angle of 30° with a plane inclined at 25° to the 
horizon. Scale, 10 units to an inch. 

14. An equilateral triangle of 3 inches side rests on one angle 
and has the sides containing that angle inclined at 20° and 30° 
respectively to the horizon. Construct its plan« 

15. Construct the plan of a square of 2 inches side resting on 
a plane inclined at 50° to the horizon, one of the sides being in- 
clined at an angle of 35° to the horizon. 

16. Draw the plan of an isosceles triangle having a base of 1*5 
inches and sides of 2*25 inches ; the triangle being so placed that 
the base is inclined 23°, and the line joining one end of the base 
with the middle point of the opposite side 51*, to the horizon. 
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CHAP. IV, 

ELEHENTABT PBOBLEMS ON THE PBOJECHON OF SOLIDS. 

1. Def, — A polyhedron is a solid figure bounded bj plane 
rectilineal figures. There are only five regular polyhedrons 
(that is, polyhedrons which have all their faces equal regular 
polygons, and all their solid angles equal) ; these are the teiara- 
hedron, the hexahedron, tiie octahedron, the dodecahedron, and 
the icosahedron. The projections pf fpur of these will be given 
here. 

For definitions of these and other solids mentioned in this 
Chapter, see Euc. xi. Definitions. 

2. The determination of the projection of a solid, when a 
polyhedron, will evidently consist in fii^ding the projections of its 
edges by means of those of its angular points. Should, however, 
any of the superficies bounding the solid be contained by curved 
lines, the projections of such lines must be constructed in a man-* 

ner similar to that shown in Chap. II. Problem XXXVII. 

^^ 

Pboblem I. 
To construct the projections of the tetrahedron. 

Assimie the solid to be resting on one of its faces on the hori- 
zontal plane. 

Let a b (Fig. 69) be one of the edges resting on the horizontal 
plane, and inclined at any given angle a to a; y ; on a 6 describe 
the equilateral triangle abc] find v the centre of the circum- 
scribing circle ; join at?, bvy cv; v will.be the plan of the vertex; 
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ahc will be that of the base ; av, bv, and c Vf those of the edges 
meetiiig in v. 

Fig. 69. 




Prom V draw v ^ perpendicular to vb; with 5 as a centre, and 
radius b a, describe a circle cutting vk in k-, A; v will evidently 
be the perpendicular height of the pyramid. Draw a of, b V, c c', 
W perpendicular to a-y ; make o t/ equal tovk-, join o' t/, ^ i/, 
& t/, the figure thus formed wiU be the elevation of the soHd. 



Problem II. 
To construct the projections of the octahedron. 

Assume the axis of the solid to be vertical. 

Let a b (Fig. 70) be one edge of the base ; on a 6 describe the 
square abed; draw the diagonals ac.bd, cutting each other in 
V ; the figure thus drawn will be the plan of the solid. 

From V draw v t/' perpendicular to a?y ; make t/ 1/' equal to 
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the diagonal of the square ahcd; bisect t/ 1/' in 5 ; draw d' 1/ 
parallel to x^, and a a', hV^ccf^ddf perpendicular to a: y ; i/, t/', 
a', Vy til d\ will be the elevations of the angular points of the 

Fig. 70. 




dolid^ whose elevation will be formed by joining t/' d', t/' a', i/' ft', 
t/ c?', i/ a', i/ V : the elevations i/' d and t/ c/ would be invisible^ 

Problem in. 

To construct the projections of the hexahedron^ or 
cube. 



Assume the solid to be resting on one of its &ces on the hori- 
aontal plane. 

Let a b (Fig. 71) be one edge of that &ce* Describe on alf. 
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in tlie horizontal plane, the square abed; this will be the re- 
quired plan. 

Fig. 71. 




Draw a of, h 6', cd^ dd\ perpendicular to a? y, in these lines 
produced make a' a", V h'\ d c", d' d", each equal to a 5. The 
figure d' d' d a! will be the elevation of the solid. It would, 
perhaps, be simpler to make d al* equal to a;y, and through d' 
to draw a" d' parallel to ajy. 



Problem IV, 

To construct the projections of the icosahedron. 

Assume one axis of the solid to be vertical, and one of its 
edges parallel to the vertical plane of projection. 

Let a h (PL I.. Fig. 6) be one edge of the solid ] on ah describe 
the regular penti^n {ai>cde^ d d d' h' d) in a horizontal plane. 
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80 that e^ (/ ia parallel to a; y. Determine a point («, sT) such that, 
joining it with the angular points of the pentagon ab cde, five 
equilateral triangles will be formed. To effect this, a being the 
centre of the pentagon, describe on sb the right angled triangle 
sbriyin which the hypothenuse bn is equal to be: sn will be 
the perpendicular height of a pyramid whose base is the pentagon 
{abode, fl d d' V d). In a second horizontal plane describe 
the pentagon ghklm equal to and concentric with the former, 
but having its angular points respectively in the middle points of 
the arcs of the circumscribing circle subtended by the sides of 
the pentagon ab cde. To determine the distance of this second 
horizontal plane from the former one, join m e, describe on it the 
right angled triangle meo, having its hypothenuse m o equal to m Z : 
e will be equal to the vertical distance between the two planes. 

Join sc, skf sdj slj se, sm, sa, sg, sh, a g, g by b h, h c, c kj 
Icdy dl, lej ma; this will complete the plan of the solid. 

To finish the elevation, make d' ^ equal to « » ; join sf ef, 8^ a', 
V rf', y i', «' (/ ; this will be the elevation of the pyramid whose 
base is ab cde: in the perpendicular e ef make «' m' equal to 
e 0, draw through mf a straight line parallel to a; y and meeting 
the perpendiculars fix)m Z, d, k, and h in Z', ^, k', W: m! V g^ kf h! 
will be the elevation of the pentagon ghklm: join a' w', a' ^, 
V g^, b' h', V e', V d\ k' d\ k' d : this will complete the elevation 
of a zone bounded by ten equal equilateral triangles (constr.). 
The elevation of the solid may now be completed by drawing 
that of the pyramid whose base 'v&ghklm, and vertex (5^, 3'^). 

Problem V. 

To construct the sectional elevation and plan of a 
pyramid standing on its base on the horizontal plane. 

Let the pjrramid be a pentagonal one, b c, one edge of the base 
being inclined at an angle ix\xi xy (Fig. 72) \ on be describe the 
regular pentagon bcdea: find v the centre of the circumscribed 
circle : join v a, t; ft, v c^vd^v e: this will be the plan of the 
pyramid. Draw v v' perpendicular \jo xy and make v" v' equal to 
the perpendicular height of the pyramid : draw a a', b b'y ccf, d d\ 

II. H 
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e ef perpendicular Uy xyi join a' t/, V t/, d i^, d! t/, ef t/; this will 
complete the elevation of the pyramid. (See Fig. 73.) 

(1.) To construct the elevation of a section made by a vertical 
plane whose trace m n makes an angle /3 with x y^ let this trace 
cut rf e, € V, a r, a J in the points o, p, q^ r respectively. Then o 
and r being points in the horizontal plane, their elevations will 
be in the groimd line ; draw o d and r r' perpendicular to a?y ; o' 
and r' (Chap. I. 26) will be the elevations of o and q : also p and 
q are the plans of points in the straight lines whose elevations are 



Fig. 72. 




m . 



ol v' and 6' i/ ; if therefore from p and q straight lines be drawn 
perpendicular \jo x y and meeting a' x/ and ft' t/ in p* and ^ : 
j9' and 5' will be the elevations corresponding to p and q. Join 
o'y, y 5', 5' r' : the figure 0* pf ^ r' will be the elevation required. 
(2.) Let the section be made by a plane perpendicular to the 
vertical plane : its. trace m! vl making an angle 3 with x y 
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(Fig. 73), it is required to construct the plan of this section. 
Let the trace m' v! meet the elevations ^ t/, o' i/, d' v', V v\ cf v* 
in the points o', j»', g'', r', 5' respectively. The plans 0, p^ q^ r, s 
will be found by drawing o' o, p' j9, g'' g, r' r and «'« perpendicular 
toxy (Chap. 1. 29), and meeting ev^av, dv^hv, cvm o,p, q, r, 9 
respectively. The figure oprsq will be the plan of the section. 

Fig, 73. 




Note. — When in (1) the cutting plane is parallel to the vertical plane of 
projection, its trace, the line ww, will be parallel to xy: the elevation 
will then evidently show the section in its real magnitude. This would 
he the same as what is called a sectional elevation on the line m n. 

Obs. — The plan of the entire solid is shown in Fig. 72 ; its elevation 
in Fig. 73. 
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Problem VI. 

To construct the projections of a prism ; having given 
the inclination of the plane of its base^ and that of one 
edge. 

Let the prism be a hexagonal one ; its base being the regular 
hexagon, A B C D E F (Fig. 4, PI. I.), assume the plane P Q R, 
containing the base, to be perpendicular to the vertical plane of 
projection : the plan ahcd ef of the base A B C D E F, and its 
elevation a' V f^ d e! d\ may be found at once by Prob. XVII., 
Chap. III. The consti'uction is omitted in the figure to avoid 
rendering it more complex. 

From a', 6', c', d\ e/^f draw aV^, h' 5'^, &c. &c., perpendicular 
to Q R : make a' a', equal to the height of the prism ; through a'^, 
draw a!, V J' , ^t d, d\^ parallel to Q R ; this will complete the 
elevation of the prism. 

To complete the plan it will be necessary to observe that the 
edges of the solid, being perpendicular to the plane P Q R, will 
be projected in straight lines perpendicular to P Q, the trace of 
that plane (Chap. I. 30). If therefore a straight line be drawn 
through a perpendicular to P Q, and one through a'^, perpendicu- 
lar to a? y, the point a^, in which these lines cut each other, will 
be the plan of the point whose elevation is a! ^, The plans of the 
other angular points of the upper end of the prism may be deter- 
mined in a similar manner ; and the plan of the solid will be 
completed, by joining these points. Since, however, the projec- 
tions of parallel lines are parallel, after the point a^ has been 
found, *5^ may be found by drawing through a a straight line par- 
allel to a J and meeting B h produced in 5/, a similar construc- 
tion will give the other points. 

To construct an elevation of the prism on a third plane 
of projection^ at right angles to the other two. 

Let «; w t/ be this plane : turn it about the trace w x/ into coin- 
cidence with the vertical plane of projection, as shown in the 
figure. 
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Let A m, perpendicular to u Vj meet uv in m : with t^ as a 
centre and radius u m, describe a circle cutting x yia m': through 
mf draw a straight line perpendicular to x y, and through a' and 
a'^, straight lines parallel to « y, the points a\ and a"^, in which 
these two lines respectively cut the former one, will evidently be 
the elevations of a and a^, on this third plane. The other points 
may be found in the same way. 



Problem VIT. 

To construct the projections of a pyramid lying on one 
of its faces on the horizontal plane* 

Suppose the pyramid to be a heptagonal one, with its a:xis 
parallel to the vertical plane of projection, and consequently the 
plane of its base perpendicular to that plane. 

Let A B C D E F G, V (Fig. 74), be the plan of the figure 
standing on its base on the horizontal plane (Chap. IV. Prob. V.) ; 
A B being the side of the base in contact with the horizontal 
plane, and when produced meeting a; ^ at right angles in the 
point Q : B Q will be the horizontal trace of the plane of the 
base. 

Draw V m perpendicular to D E : V K perpendicular toYm, 
and equal to the perpendicular height of the pyramid : join m K : 
m K will be the slant height, and Y mK the profile angle of any 
face and the base ; and therefore the measure of the inclination 
of the base to the horizontal plane. 

Through Q draw a straight line Q R, making with xy aji angle 
K Q y, equal to V wi K : Q R will be the vertical trace of the 
plane containing the base. The elevation of the base d d 6! fl 
may now be found by Prob. XVII. Chap. HI. Make a' t/ equal 
to m K ; join xf e!, x/ d\ v c'; this will complete the elevation of the 
solid. The plans o, b, c, c?, c,/, g and v, corresponding to the 
elevations a', h\ </, df, ^j/'j / and t/, will be found by drawing 
through the elevations perpendiculars U) x y (Chap. I. 29), and 
through A, B, C, D, E, F, G and V parallels to a; y. 
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Fig, 74. 




Problem VIII. 

To construct the projections of a rectangular paralielo- 
piped^ having given the inclination of the plane of one 
face^ and the plan of one side of that face. 
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Let P Q (PI. I. Fig. 5), be the horizontal trace of tlie given 
plane, a its angle of inclination : a b the given plan of one edge, 
m and n the lengths of the edges coterminous with that edge. 

Find (Chap. 11. Prob.XXIV.) Q R' the vertical trace of the given 
plane : let the profile plane H R R' employed in this construction 
pass through the point b, and turn it about its trace H R until it 
coincides with the horizontal plane (Chap. I. 35). Let HRR" 
be the profile plane in this position : M R'^ being its intersection 
with the given plane. 

Draw b B perpendicular to H R : with centre M and radius 
M B describe a circle cutting H R in B' : B' will be the position 
of the point whose plan is b when the plane P Q R' has been 
turned about P Q into coincidence with the horizontal plane ; 
join* a B'; a B' will be the real magnitude of the edge given by its 
plan a b (Chap. I. 35). Draw a D perpendicular to a B' and 
equal to m : the plan of D, which is the point d, will be found 
at once by the construction shown in the Figure. (Chap. I. 35). 
Complete the parallelogram abed; this will be the plan of the 
face in contact with the plane P Q R'. The edge perpendicular 
to this face and terminated in the point (ft, ft') being perpendicular 
to the plane P Q R' will be projected in R H which is at right 
angles to P Q (Chap. I. 30) ; whilst on the profile plane this 
edge will be represented in its real length B F equal to n and 
perpendicular to M R": draw F/ perpendicular to H R ; ft / will 
be the plan of the edge in question. Then, since the projections 
of parallel straight lines are parallel, the plan of the solid may be 
completed by drawing the parallelograms a bfe, eadh, ghdcy 
gfe hy bfg c. 

To construct the elevation. Since the lines whose plans are 
a d and c c? lie in the plane P Q R' their elevations will be de- 
termined by drawing vertical planes through a d and c d : the 
point d' in which these elevations intersect will be the elevation 
of d : draw c c' perpendicular Xk> xy cutting d' c' in c'; c' will be 
the elevation of c : complete the parallelogram a' V d d'. The 
four edges perpendicular to the plane P Q R will have their 
elevations at right angles to Q R' (Chap. I. 30) : through a' ft' c' d' 

• The line a B' is omitted by mistake in Fig. 6, PI. I. 

H 4 
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draw Btraiglit lines perpendicular to Q R'; and through «,/, g, h 
draw perpendicidars to a: y meeting the perpendictdars to Q R' in 
e',f,g\ h'\ these points will be the elevations of e,/, ^, h (Chap. 
I. 29). Join e'f\ f g[^^ h% h! ef, these lines will complete the 
elevation of the solid, and should be parallel respectively to a! h\ 
h' c', c' d', d! a'. 



Problem IX. 

To determine the projections of the intersection of a 
right prism by a given plane^ the real magnitude of the 
section^ and its development. 

The section of a prism by a plane is a polygon whose sides are 
the lines in which the faces of the prism are cut by the plane, 

Fig. 75. 
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and whose angular points are the points in which the edges of 
the prism meet the plane. 

When the prism is yertical the plan of the section will be the 
base, and the problem reduces itself to Prob. XXXV. Chap. II., 
viz., given the plan of a polygon, to find its elevation and real 
magnitude. The construction for determining the elevation by 
Prob. IX. Chap. II., is shown in Fig. 76, where ah cde is the 
base of the prism and the plan of the section : ghk Itn the 
elevation of the section. The real magnitude may be readily 
found by the above named problem. 

Fiff. 76. 
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The development of the prism will evidently be a rectangle 
whose base is equal to the sum of the sides of the figure abcde, 
and whose height is the height of the prism. Let A A' be 
this rectangle, so that AB = a6; BC=6c; CT>=cd; 
DE = 6?e; EA = ea. Through B, C, D, E draw perpen- 
diculars to a: 2^; make AF = a' w; B G = h' g; CH = c'^ ; 
E L=«' Z : the line F G H K L F will be the development of the 
section (Fig. 76). 

NoTB. — The intersection of a right cylinder by a given plane may be 
determined by a similar constraction. This and some of the following 
problems may be simplified by assuming the trace PQ peipendicular to 
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Problem X. 

To find the projections of the intersection of a pyramid 
by a given plane : to determine the real magnitude of the 
section and its development. 

The section of a pyramid by a plane is a polygon whose sides 
are the intersections of the faces by the plane, and whose angular 
points are the points in which the edges of the p3nramid meet the 
plane. 

Let P Q R (Fig. 77) be the given plane ; a 5 c the base of the 
pyramid, which is supposed to stand on its base on the horizontal 
plane, (v, v^) being the vertex. Complete the projections of the 
solid, as shown in the figure. 

The angle of the section situated on the edge (v a, t/ a') will be 

Fiff, 77. 
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the point (o, o'), in which that edge meets (y Vj t'r^), the intersec- 
tion of its vertical projecting plane with the plane P Q R. The re- 
maining angular points may be determined in the same manner ; 
and by joining these points the section (m n o, wVo') will be 
completed (Prob. IX. Chap. II.). 

The real magnitude of the section will be found at once by 
Prob. XXXV. Chap. 11. 

The development will evidently consist of as many triangles as 
there are sides to the base. These triangles will have their bases 
equal to the sides of the base of the pjn-amid ; the vertex V (Fig. 
78) common, and the sides V A, V B, V C, equal respectively 

Fiff. 78. 



V. 




to the edges (y a, r'a'), {v b, i/^'), (v c, !/(/)• The lengths of these 
edges will be found, by turning them about the vertical line v v' un- 
til they are parallel to the vertical plane of projection, as shown 
in Fig. 77, to be v'a", v'^'^ t/c". Make V A = r'a" ; V B = 
t/^"; AB = aft; BC = bc; VC = t/c"; CA=ca; VA 
= v'a". This will be the development of the pyramid. Draw 
oV, wiW, w'/i" parallel to rcy ;.make V O = vV ; V M = i/mf'; 
V N = t/n" ; V O = t/o" ; join O M, MN, N O. This will be 
the development of the perimeter of the section. 

Note. — The section of a right cone may be determined in a similar 
manner. 
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Problem XL 

To draw a tangent plane to a given cone through a 
given point on its surface. 

Let acbd (Fig. 79) be the horizontal trace of the cone ; (vj t/) 
its veilex. 

Fig. 79. 
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To determine the limits within which the projections of all 
generatrices must lie : draw in the horizontal plane the tangents 
va, vb; the plans of all generatrices* will lie between v a and v b. 
Draw ccf and ddf tangents perpendicular to icy ; join v'& and 
v'df. The elevations of all generatrices will be between i/(/ 
and i/d'. 

Next, to find the points on the sur&ce corresponding to a given 
projection : let mf be the given projection. Draw the straight 
line t/m', cutting a?y in c' ; draw e'c perpendicular to x t/; i/ef 
and efe are the traces of a plane perpendicular to the vertical 
plane of projection, containing the required points, and passing 
through the vertex of the cone. This plane cuts the surface of 
the cone in two generatrices (Chap, in.) ; and since its horizontal 
trace meets achdin e and/, it is manifest that the plans of the 
generatrices are the straight lines v e and vf. Draw m'm per- 
pendicular to xy, meeting vemm and vfin n ; m and n will be 
the plans of the points whose elevation is mf or nf. 

To draw a tangent plane through the point (n, n'), it must be 
remembered that this plane will contain the generatrix (vfj t//^), 
and touch the cone throughout the entire extent of that line 
(Chap. in.). Draw P S, touching achd in /; find (Chap. II. 
Prob. in.) t' the vertical trace of (vf, t//') ; through (' draw R S : 
P S R will be the plane required. 

In the same way a second tangent plane may be determined, 
as P Q T, containing the generatrix v e, t/e'. 

If through any point in the generatrix a straight line (v r, v V) 
be drawn parallel to the trace P Q, the vertical trace of this line 
will evidently be a point in the vertical trace of the plane. This 
sometimes affords a means of determining the vertical trace of the 
plane, "vdien ^at of the generatrix ialls beyond the limits of the 
drawing. For example, the vertical trace Q T was foxmd by means 
of r', the trace of (vr, i//-'), because that of (vc, r/ef) could not 
be conveniently determined. 

Problem XII. 

To draw a tangent plane to a given cone through a 
given point without it. 
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Every plane touching tlie cone pasises througli the vertex 
(Chap. in. 15), and has its horizontal trace a tangent to the bas^ 
of the cone. 

The problem may therefore be solved as follows ; — 
Join the given point with the vertex of the cone ; determine 
the traces of the line joining these points (Chap. 11. Prob. III.) ; 
through its horizontal trace draw tangents to the base of the 
cone. These tangents will be the horizontal traces of two planes, 
fidfilling the conditions of the problem. Their vertical traces 
will be the straight lines drawn through the vertical trace of the 
said line, and the points in which the horizontal traces meet the 
ground line. 

Problem XIII. 

To draw a tangent plane to a given cone parallel to a 
given straight line. 

Since the plane must pass through the vertex of the cone, the 
problem may be solved by the following construction : — 

Through the vertex of the cone draw a straight line parallel to 
the given line (Chap. II. Prob. II.). Determine the traces of this 
line (Chap. II. Prob. III.). Through its horizontal trace draw 
a tangent to the base of the cone. This will be the horizontal 
trace of the required plane. Through the point in which this 
trace meets the ground line and the vertical trace of the line 
passing through the vertex, draw a straight line ; this will be 
the vertical trace of the plane. 

Exercises. 

1. Define the terms cylinder, pyramid, cube; and explain what 
IS meant by the profile angle of two planes. 

2. Draw the plan and side elevation of a pentagonal prism, 
three inches long, laid on one face. Put flat shades of Indian ink 
on the feces, making them darker in proportion as they recede 
fi-om the horizontal in the plan, and vertical in the elevation. 
Side of base 1 J inches. 
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3. Find the intersection of a plane inclined at 40° to the hori> 
zon with a cylinder, having for its bases circles of 1 inch in 
diameter, and standing in a vertical position. 

4. A hexagonal right prism, 9 feet long, each edge of the base 
measuring 2 feet, rests with one &ce on the horizontal plane. 
Draw its plan, and an elevation on a plane, making an angle of 
27° with the axis of the prism. Scale ^. 

5. A tetrahedron, with an edge of 2 inches, rests on one of its 
faces. Draw its plan, and a sectional elevation on any plane not 
passing through the apex, and not parallel to an edge of the 
base. 

6. Draw the plan of the frustum of a hexagonal pyramid, the 
side of the base being 1^ in., the side of the top 1 in., and the 
height 2| in., one side of the base being horizontal, and the plane 
of the base inclined 27® to the horizon. 

7. A rectangular parallelepiped, 12 ft. by 10 ft. by 8 ft., lies on 
its base on a plane inclined to the horizon at an angle of 20°, the 
horizontal trace of the plane making, with the line of level, an 
angle of 25°. The projection of the longest side of the base 
(=12 ft.) is inclined to the trace of the plane at an angle of 10°. 
Construct the horizontal and vertical projections of the body. 
Scale ^. 

8. The dimensions of a cross are as follows: — 

Pedestal 3' x 3' and 1' in height ; shaft 1' x 1' and 7' in 
height, 1'3" of which is clear above the arms ; arms 1' x 1' in 
section, and 1'6" long. Draw a front elevation of the cross, its 
plan, aad a section on a line crossing the arms diagonally. 

Scale ^:f . 

« 

9. Construct a pentagon A B C D E on a side A B equal 
to 1*3 in. ; and considering this the base of a prism 2 in. high, 
standiag on a horizontal plane, draw a vertical section on a line 
passing through A B. 

10. Draw an elevation of the prism in Ex. 9 on a plane, mak- 
ing an angle of 5° with one of the faces. 
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11. A prism, 3 inches long, having for its ends regular hexa- 
gons of 1 inch side, is laid on one of its faces. Draw the plan ; 
and an elevation on a line, making an angle of 30^ with the side 
of the plan. 

12. Draw the plan of a pentagonal pyramid, resting upon the 
plane of its base, each side of the base being 2 inches long, and 
the height 3 inches. Draw an elevation of the pyramid on a 
vertical plane parallel to one of the sides of the base. 

13. Draw the plan of a finistum of a square pyramid : side of 
large end 2 inches ; side of small end 1 inch ; height 3 inches. 
Draw the elevation on a line making an angle of 40° with one 
side of the plan of the base. 

14. Draw the plan of the prism in Ex. 9, resting on one of the 
edges of its base ; the base being inclined to the horizon at an 
angle of 15°. 

15. Draw the plan of an octahedron, of 2*5 in. edge, lying on 
one of its faces ; and make a section and elevation on any lin& 
not parallel to a side of the plan. 

16. A prism, 2 inches high, the base of which is a hexagon 1 in. 
side, stands on a plane inclined at an angle of 40° to the horizon, 
and has one diagonal of its base inclined at 25° to the horizon. 
Draw its plan. . 

17. The face of a cube whose edge measured 2 inches, is in- 
clined 50° to the horizon, and one of the diagonals of this face 
25° ; project the cube. Draw a horizontal contour ^ inch verti- 
cally below the highest point of the cube, and make an eleva- 
tion of the cube on a vertical plane, parallel to any one of its 
diagonals. 

18. A right prism, each edge of which measures 15 feet, stands 
with its base, which is a regular pentagon with a side of 8 feet, 
upon a horizontal plane ; draw its plan, and also its elevation 
on a vertical plane making an angle of 20° with any side of the 
base. Scale 5 feet to an inch. 



PROJECTION OF SOLIDS. 113 

19. Supposing the prism in Ex. 10 to be oblique instead of 
right, its axis making an angle of 40° with the plane of the base, 
draw its plan and elevation as before. 

20. A plane is inclined at 46^^ to the horizon ; on it is placed 
a tetrahedron of 3 inches edge, and haying one side of its base 
inclined at 25°. Draw the plan and elevation, and contour the 
former at vertical intervals of '25 inches. 

21. Ck)nstruct the plan of a hexagonal pyramid resting on one 
of its faces, its height being 35 feet, and each side of its base 15 
feet. Scale 10 feet to an inch. 

22. A dodecahedron, formed by two hexagonal pyramids joined 
at their bases, is laid on a face. Draw its plan ; also a sectional 
elevation on a line cutting the junction of the pyramids at an 
angle of 45°. Height of pyramid 2^ inches, side of base 1 J 
inch. 

23. Draw a plan, a cross section, and a front elevation of a 
cottage, 25 feet long, 15 feet wide (interior dimensions), walls 1*5 
feet thick, a door in the centre of one side, 4 feet wide and 7 feet 
high, and a window on either side of it 3 feet wide, 4 feet high, 
and 4 feet above the groimd. The walls of the cottage are 10 
feet high, the roof has two gables, and the ridge is 16'5 feet 
above the floor ; the eaves project 9 inches. Scale -^. 

24. A cubical block of masonry 20 feet high, having a froptage 
of 17 feet, and a depth of 13 feet, is perforated longitudinally and 
transversely by semicircular arches, springing at the same height, 
viz., 10 feet 6 inches, and intersecting each other. The piers are, 
in plan, 4 feet 3 inches square. 

Draw the plan of the structure, its front elevation, and a 
transverse section through the comer of the arch. Scale •^^. 

25. Construct the plan of a cube 2*5 inches side, having two of 
its adjacent edges inclined 30° ai^d 40° to the horizon. Show 
the intersection with the cube of a horizontal plaue I inch below 
its highest point. 
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CHAP. V. 
ON 8HAD0W& 

1. Def, — ^Eveiy deprivation of direct light produces on the 
surface of bodies an obscurity, more or less intense, which is 
termed a Shadow. 

The Theory of Shadows is based upon the principle that 
light proceeds in right lines. The determination of shadows com* 
prises two entirely distinct parts ; one of these consists in finding 
the outlines of shadows, the other relates to the depth of the tint 
to be assigned to each particular portion of the surfaces that re- 
ceive the shadows. The former of these, as an application of 
Descriptive Geometry, will alone be treated of here. 

2. T)ef, — A Rat of Light is the term applied to that portion 
of light which may be looked upon as coincident with a straight 
line drawn from any point of the luminous body to a point of the 
object illuminated. 

3. If the luminous body be at a very great distance from the 
body illuminated, as, for example, the sun from the earth, the rays 
of light may, for all practical purposes, be regarded as parallel 
to each other. In the present chapter, all objects will be sup^ 
posed to be illuminated by direct solar light. The direction of 
the rays will be given by their inclination to one or more given 
l^lanes. 

4. Def. — Shadows are divided into two kinds, Shadows Proper, 
and Shadows Cast. A Shadow Proper is that which takes place 
on that portion of the opaque body which is turned away from th^ 
light. A Shadow Cast is that which is produced on a surface by 
the opaque body intercepting those rays of light which would 
otherwise illujninate it. 
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5. Dtf, — The Line of Separation of Light and Shadow 
is the line which separates the illuminated portion of a body from 
that which is not so ; it is determined by the contact of lumi* 
nous rays with the sor&ce of the body, and is therefore the 
apparent outline of a body to a spectator whose eye is situated at 
a point infinitely distant from the body, on a straight line drawn 
from the body, parallel to the direction of the luminous rays. 

To determine the outline of the shadow cast hy an opaque body 
upon any surface^ it will he necessary to find the points in which 
the rays tangential to the body meet the given surface ; the straight 
line joining these points will be the outline required, 

6. The line of separation on a Polyhedron is composed of 
those edges of the solid which are common to two faces, one of 
which is struck by the rays of light, the other not. For the fece 
of a polyhedron is either wholly illuminated, or, when other iaces 
are interposed between its plane and the source of light, wholly 
obscure. It will therefore be evident that the line of separation on 
a polyhedron must be composed of those edges which separate the 
light &ces from the dark ones. The question of determining this 
line thus depends upon finding those edges. Now, two adjacent 
edges of a polyhedron will manifestly be, one illuminated, the 
other not, when the plane drawn through their common edge, 
parallel to the direction of the luminous rays, leaves both of these 
&ces on the same side of it ; for the rays will reach the face in 
front, but will not reach the face behind, because they are pre- 
vented from so doing by the first face, and others contiguous to 
it. If, on the contrary, the plane parallel to the rays of light 
enters the dihedral angle of two faces, these faces will be both 
illuminated when the angle is turned towards the luminous 
source ; both deprived of light when the angle is turned away 
from that source. It will easily be perceived that the plane 
drawn through an edge parallel to the rays of light, leaves on 
one side the two faces to which that edge is common, when the 
trace of that plane on one of the planes of projection is exterior 
to the angle formed by the traces of these planes on the same 
plane. 

X a 
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In the following problems, when nothing is stated to the con- 
trarj, the direction of the rays of light will be assumed porallei 
to the diagonal of a cube whose opposite faces are parallel to thd 
planes of projection. The projections of the rays will then make 
angles of 45^ with the ground-line. 

Let a b « /(Fig. 80) be the plan, a! V d d! the elevation of a 

Fig, 80. 




cube so situated ; then A' B' will be the elevation, and A B the 
plan of a ray of light coincident with the diagonal ; and it is dear 
that A B and A' B' are inclined at angles of 45^ to a; y. 



Problem A. 

To determine the shadow cast bj a physical point upon 
the vertical plane of projection. 

Let R and R' (Fig. 81) be the projections of a ray of light, (a, d) 
the given point* 
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Then, from what has been stated in the introductoiy remarks, 
it will be perceived that the shadow cast by the point upon the 
vertical plane, will be the vertical trace of the raj of light passing 
through the point. 

Through (a, a') draw a straight line parallel to (R, BT) (Chap. I., 
Prob. II.) ; find the vertical trace, a, of this line (Chap. II., Prob. 
in.) ; the point a will be the shadow required. 

%. 81. 




Similarly, the shadow cast upon the horizontal plane may be 
foimd. 

Cor, Let (a 5, a' b') be a straight line ; then, since the shadow 
of a straight line upon a plane is a straight line, if the shadows of 
(a, a') and (ft, 5'), determined as above, be a and b, the straight 
line a b will be the shadow cast by the line (a ft, a' ft') upcn the 
vertical plane. 

Its shadow upon the horizontal plane might be determined in a 
similar manner. 

Note. — If a straight line he parallel to a plane, its shadow upon that 
plane wUl be equal and parallel to the line itself Euc. l 33. 
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Pboblem B. 

To determine the shadow cast by a circle upon the 
Tertical phme of projection* 

(1.) Let the plane of the circle be parallel to the vertical 
plane ; the shadow will then be a circle equal to the original 
one. Find the shadow of the centre by Prob. A : with this 
point as a centre, and a radius equal to that of the given circle, 
describe a circle, this will be the shadow required. 

(2.) Let the circle be perpendicular to the planes of projection : 
its projections (which will be straight lines equal to its diameter, 

Fiff.SZ 
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and peipendicular to a;y) being A B and C^D'. Describe the 
circle in both planes bs afbg and a* f*V ^ \ divide these circles 
into equal parts and project the points of division upon A B and 
C D' respectively. Let the shadows of these points found by 
Prob. A, be a, d, f, h, b, k, g e, then the curve a d f h b k g ^ will 
be the shadow sought, c being the shadow of the centre. 



Problem C. 

To determine the line of separation on a hexagonal 
pyramid and the shadows cast by it on the planes of 
projection. 

Let {y.ahcdtf, v\ a' h' c' d! e'/'), (PI. H. Fig. 1) be the 
pyramid standing on its base on the horizontal plane, (r, v') being 
the vertex. 

It is evident (6) that the faces (v a /, v' a' /'), {v ef, v' «'/') 
and (r e d^ v' t' rf') are the only ones that are illuminated; (r a, v' oT) 
and (v rf, r' 6?') will therefore constitute the line of separation ; 
the elevation t/ a' not being visible. The problem will be solved 
by tracing the shadow of the lines {a v, a' v') and {d v, d* v'). 
To effect this find (Prob. A) V the shadow of the vertex on the 
horizontal plane : join a V, dV; this will give the outline of the 
shadow cast upon the horizontal plane. If the pymmid be suf- 
ficiently near the vertical plane, which will be shown by the 
point V falling above a? y, a portion of the shadow will fall upon 
that plane. When such is the case determine V, the shadow 
of the vertex on the vertical plane (Prob. A) : let a V and d V 
cut xy inm and n respectively : join V m and V n ; V m » wiU 
be the portion of the shadow falling upon the vertical plane. 

(Fig. 2, PI. II.) shows the shadow of a hexagonal prism, ob- 
tained in a similar manner, and consequently needing no expla- 
nation. 
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Problem D. 

To determine the line of separation on a right cylinder 
with circular base^ and the shadow cast by it on the 
planes of projection. 

Let the cylinder stand npon its base upon the horizontal plane. 
The determination of the line of separation reduces itself to 
drawing two tangents to the base parallel to the direction of the 
light, and to drawing through the points of contact two genera- 
trices of the cylinder. 

Let ahcde and a' d cf' d' be the plan and elevation of the 

solid (PI. II. Fig. 3), draw e m and b n parallel to R the plan of a 
ray of light and touching the circle ahcd^inh and e ; draw e e'' 
and h d" perpendicular to xy\ e' ef' and d* c?" will be the line of 
separation, e' e" being invisible. Let e m and h n meet xy inm 
and n ; find (Prob. A,) c,/', d', c', g'^ the shadows of points, in the 
upper end, on the vertical plane. The curve §,£ d' c' ^' and the 
lines e m, g'ji will complete the shadow thrown on that plane. 
Had the shadow fallen wholly on the horizontal plane, it would 
have determined by describing a circle with the shadow of the 
centre for a centre and touching h m and A n as shown in the 
diagram. 



Problem E» 

To determine the line of separation on a right cone^ 
and the shadows oast by it on the planes of projection. 

1. Let the cone {v^ ahcde, v\ a' c') (PL II. Fig. 4), stand on 
its base upon the horizontal plane. Determine, by Prob. A, y 
the shadow of the vertex ; from v draw v h and v e, touching the 
base in h and e ; this will give the outline of the shadow cast 
upon the horizontal plane. Join the points of contact e and h 
with V ; the lines {v e, t/ e') and (v b, v' V) will be the line of separa-^ 
tioB; v' V alone being visible in the elevation. 
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When a portion of the shadow Mia upon the vertical plane it 
maj be determined as in Problem C. (Fig. 4.) 

2. Let the cone be inverted, VyObce and a' v' d* (PL II. Fig. 5) 
being its projections. Determine o the shadow of the centre 
(Prob. A) ; with o as a centre and a radius equal to that of the 
base of the cone, describe the circle fnpn', from o draw o m and 
n, touching this circle in m and n ; this will complete the out- 
line of the shadow cast upon the horizontal plane. Again from o 
draw b and o e parallel to o m and g a ; the lines (v a, i/ ef) and 
(i; b, v' b^) will form the line of separation ; the elevation ©' 6' being 
alone visible. 

When a portion of the shadow falls upon the vertical plane, 
that part may be determined by finding the shadows of equi- 
distant points in the base and tracing an elliptical curve through 
them, in a manner similar to that in Problem B. (Fig. 5.) 

Problem F< 
numerical example* 

To draw the shadow cast upon the horizontal plane by 
a solid formed of two pentagonal pyramids joined at their 
bases. The rays of light making an angle of 50^ with the 
horizontal and of 15** with the vertical planes of projec- 
tion ; edge of base '89d inches ; perpendicular height of 
each pyramid 1*25 inches; one edge of base making an 
angle of 34** 30' with vertical plane. 

Let Vi^abcde (Fig. 6, PI. II.) be the plan, and v\ a' t/j cf the 
elevation of the solid determined as shown in Chap. IV. 

The line of separation found by the principle enunciated in 
Chap. V. 5, will consist of the lines (v^ e, t/i ef), (yi b, v\ ft'), 
(vj e, v\ e')y and (v^ b, t/j ft'). Throilgh (vj, t/j) draw a straight 
line making an angle of 50^ with the horizontal plane, and an 
angle of 15° with the vertical (Chap. II. Prob. XV.) : find thfi 
horizontal trace of this line (Chap. II. Prob. III.) : let it be Vj ; 
Va will be the shadow of the point (r^, t/j) (Chap. V. 5). The 
flhadows e and ft of the points (e, e' ) and (ft, ft') will be found in thq 



ISS ON SHADOWS. 

same way : join § Tj, i Vg ; these lines will be aihadows of the 
lines ( rj «, v', ef) and (vj b, i/j ft') : the shadows of (ri e, «/i e') and 
(vi b, V| ft') will be found by joining v^ £ and v^ ft, because the 
point (vj v'l) is in the horizontal plane. 

Exercises. 

1. Draw the elevation of a cube of 2} inches edge, lying on 
one of its faces, on a plane which makes an angle of 25° with 
another face of the cube : project also the shadow thrown by the 
cube on the plane on which it lies, the rays of light being parallel 
to the plane on which the elevation is taken, and making angles 
of 50° with the horizon. 

2. Follow the instructions given in the preceding question, 
only let the cube now rest on one of its edges, and a &ce con- 
taining that edge be inclined 25° to the horizon. 

3. Project the shadow which the frustum in Ex. 6, Chap. IV. 
will throw upon the horizontal plane passing through the lower 
edge of the base, the plan of tibe rays being parallel to that edge, 
and inclined 37° to the horizon. 

4. A pyramid with a pentagonal base, B C D E F, of 1^ inch 
aide, resting on a horizontal plane, has its vertex A 2 inches per- 
pendicularly over a point within the base, '88 inch from the angles 
at B and C. Draw the plan, and a section on a line joining the 
angles B and D. 

5. Supposing the rays of light to be parallel, and to form with 
the horizon an angle of 65°, give the lines of the shadow on the 
horizontal plane on which the pyramid rests, when one of the 
edges of the base is inclined to the rays of light at an angle of 
45°. 

6. Project the shadow which the oblique prism in Ex. 19, 
Chap. IV. would cast upon the horizontal plane upon which it 
stands, the rays of light making an angle of 50° with the horizon, 
and being parallel to the axis of the prism. 

7. A square pyramid, of 2 inches edge, is placed with the ver- 
tex downwards and raised 1 inch above the paper. Draw its plaa 
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and its ahadow when the rajs are inclined at an angle of 80° to 
the horizon. 

8. Draw the plan of an octahedron, or double square pyramid, 
with the line joining the vertices in a vertical position ; and the 
elevation on a vertical plane, the plan of which makes an angle 
of 35^ with a side of the plan of the octahedron. Also the 
shadow thrown by a ray, making an angle of 40° with the 
horizon and 36° with side of plan. Put a flat tint on the shadow 
and on the faces in shade, darkening those most shaded. Edge 
of solid 2 inches. 

9. Draw the plan of a tetrahedron, the edge being 2^ inches, 
and a sectional elevation of the solid on any vertical plane not 
passing through the vertex. Determine the shadow thrown by 
the solid on the plane of its base, the rays of light being parallel 
to one edge of the base and inclined at an angle of 30*^ to the 
horizon. 

10. Project the shadow that would be thrown by the pyramid 
in Ex. 21, Chap. IV. upon the horizontal plane upon which it rests, 
the parallel rays of light making an angle of 54° with the horizon, 
and a horizontal angle of 36° with the axis of the pyramid. 

11. Draw the shadow which would be cast by the frustum, 
Ex. 6, Chap. IV., on the horizontal plane, when the sun's rays 
make with the horizon an angle of 49°, their plane being parallel 
to the diagonal of the base of the solid. 

12. Draw the shadow which the prism in Ex. 9, Chap. IV. 
would throw on the plane on which it stands, supposing the rays 
of light to faU on one of the faces in a direction inclined at 45° 
both with its vertical and with its horizontal boundary. 

13. Project the shadow that would be thrown by the pyramid 
upon the horizontal plane upon which it stands, the parallel rays 
of light making an angle of 40° with the horizon. Ex. 12. Ch. IV. 

14. Draw the plan of a cylinder 3 inches long resting on its 
eide, and project the shadow when the ray of light makes an 
angle of 40° with the horizon, and its plan an angle of 30° with 
the side of the plan of the cylinder. Diameter of end 2 in<sh«8* 
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CHAP. VI. 
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^His method of projection, based upon that of a cube situated 
with its diagonal perpendicular to the plane of projection, affords 
a means of representing objects in a manner somewhat re- 
Bembling what is called a "bird's-eye view." Its adaptability 
to this purpose was first pointed out by Professor Parish, of 

Cambri^e. 

The term isometrical is applied to it because the projections 
of all straight lines parallel to any edge of the cube may be 
measured firom the same scale. This is evident, because such 
lines are all inclined at the same angle to the plane of projection ; 
and, consequently, the projections of any two lines will have 
the same ratio as the lines themselves. 

This kind of projection is peculiarly suitable to the delineation 
of objects whose bounding surfaces lie in three planes which 
jform a right trihedral angle. 

pROBLElf. 

To determine the projection of a Cube with its diagonal 
perpendicular to the plane of projection. 

Let O (Fig. 83) be the projection of the diagonal which is 
perpendicular to the plane of projection. 

Then the three edges which meet the lower extremity of this 
diagonal will be projected in three straight lines passing through 
O; and making angles of 120° with each other. For these 
lines make equal angles with each other, and are inclined at the 
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sacme angle to the plane of projection. Let these projections be 
OS, OT, OU. 




To obtain the projections of the three edges coterminous with 
the upper extremity of the diagonal, it must be observed: (1.) 
that O is a point in each of them; (2.) that their projecting 
planes are the same as those of O S, O T, O U ; these pro- 
jections will, therefore, be found by producing SO, TO, U O, 
as OR, OP, OQ. 

It is thus seen that the six edges of the cube coterminous with 
the diagonal are projected in six straight lines radiating from O ; 
and that each of the angles S O P, SOQ, QOT, TOR, ROU, 
U O P, is equal to one-sixth of four right angles, or 60° : also, 
that the projections of an upper edge and a lower one are in the 
same straight line. 

It remains to determine the magnitude of these projections, 
which, as before stated, will be equal to one another. 

Let a b (Fig. 84) be the edge of the cube : draw 6 c at righl 
angles to a 6 and equal to it : join a c : draw c d At right angles 
to a c, and equal to ab: ad will be the diagonal of the cube : 
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complete the i^ectangle acde^ this will be the diagonal plane of 
the cube ; and will be at right angles to the plane of projection 
when a d is. {Euc, xi. 19.) 

Draw k f^ through a, perpendicular to adi draw e g perpen- 
cular to k f: ag will manifestly be the projection of a e. 

Fig. 84. 




Referring again to Fig. 83, with centre O and radius O A, 
<equal to ag^ describe a circle meeting the projections in A, B, 
C, D, E, F : O A, OB, O C, O D, O E, O F will be the 
projections of the six edges which meet the diagonal whose 
projection is O. 

The projections of the remaining six edges must be the lines 
AB, BC, CD, DE, EF, FA; which are equal to one 
another and to A, because the triangles A O B, B O C, &c.| 
are equilateral. 

Cor. 1. The outline of the projection of a cube is a regular 
hexagon inscribed in the circle whose radius is equal to the 
projection of an edge. 

Cor. 2. The projection of each £ice is a rhombus, composed 
of two equilateral triangles, consequently its angles are 120^, 
120% and 60°, 60**. 

Cor. 8. The ratio between a straight line dnd its isometrio 
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projection may be thus determined. See Fig. 84. Let n % the 
edge of the cube, draw e h perpendicular to a c^. Then since a b 
=ihc^n; ac^ n\^2, and since edssn; ad=^ n^/Z, {Euc. 
I. 47.) 

Again {Euc. vi. 8) : 

2n 

ad:de:\de\dh.\dh^ -7= 



also, ad*. ae\\ ael ah .\ah :=z --^ 



nV2 
a/3 



72 n n 
and, £?A : cAlI eA : aA/. e/i =:a/ — -x— ^ » 

nA/2 n _ 
but ag =: ih .\ a^r =s •'^ ***3^^ — *^^^^ **> nearly. 

The required ratio is, therefore, 3 : v/6 or 1 ; -8165 nearly. 
Cor, 4. If 6 be the inclination ^f the edge : 

Cos e = M. -8165 /. 6 = 36*» 16'. 
a e 

If ^ be the inclination of a face : 

Sin = Cos 6 = -8165 /. ^ = 54° 44'. 

Def. — The Lines OP, O Q, OR, are called axes ; and lines 
can be projected isometrically only when they are parallel to 
some one of the lines projected in O P, O Q, O R. 

Exercise 1. To construct the isometrical projection of a scale 
of tV- 

Let a e d (PL II. Fig. 7) be a right-angled triangle, con- 
structed as in Fig. 84, the side a e being 1 inch ; so that ad ia 
the diagonal of a cube of 1 inch edge ; draw ^^perpendicular to 
ad] in a e produced set off em = wiw = ae=l inch : draw 
n/,mgj el perpendicular to k/i k I, Ig, gfyrill clearly be 
the isometric projections of straight lines each one inch long. 
Divide a e into twelve equal parts, and draw through the points 
of subdivision straight lines parallel to a c? : the line kf will 
thus be graduated so as to form a scale of -^ if used for feet ; or 
of -J- if used for inches. 

Ez. 2* To construct m isom^ttiQ scale of ^V ^0 measure feet. 
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Iret the scale represent 10 feet. 

in. 

Then 50 : 10 : : 12 : No. of inches in the length of scale. 

in. in. 

.-. length = ^JLli= 2-4. 

Draw a line L (PL II. Fig, 8) 2*4 inches long : divide it into 
five equal parts, each will show 2 feet : subdivide the first 
primary division into 4 equal parts, ^ach will show 5 foot. The 
line L is, therefore, a scale of ^. 

To find the isometric projection of this scale : draw a line M 
making with L an angle equal to the angle which a e makes 
with A; /(Fig. 7), and proceed as in Ex. 1. These scales shoidd 
be completed as shown in thg diagrams; their use will be 
exemplified in the following Exercises. 

Ex. 3. To draw the isometrical projection of a rectangular 

block of wood : out of which a circle has been cut, the centre of 

the circle coinciding with the intersection of the diagonals of one 

face of the block. 

ft ft. ft. ft. 

Dimensions of block, 10 X 10 X 2^, Kadius of circle, 3. 

Scale, -^, 

Let eh^ ea, ef (PI. II., Fig. 9) be the axes. Set off on these 

axes e h and e/each equal to 10 feet measured on the scale in 

Fig. 8: complete the parallelogram efgh, this will be the 

ft. ft 
projection of a fiice of the solid 10 x 10 : make e a equal to 2^ ft. 

complete the parallelograms eabf, eadhy these will be the pro- 

ft. It 
jections of two faces each 10 x 2^ ; and the projection is com- 
pleted. The dotted lines h c, d c, c g are the projections of edges 
not visible. 

To draw the projection of the circular aperture. 

Let the diagonals h f and g e intersect in a? : set off a; w equal 
to X k, equal to 3 feet, taken fi'om the same scale as before : 
complete the rhombus klmn: this will be the projection of a 
square of 6 feet side : it is required to construct the projection of 
the circle inscribed in this square, which will be an ellipse in- 
scribed in the rhombus klmn. 

It is evident that o,p, y, r, the middle points of nk,k 1,1 mjfn n, 
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mil be four points in this eixnre : its major axis will be ntuated 
in Ay, and, being the projection of a straight line parallel to the 
plane of projection, will be equal to the diameter of the circle. 
If, therefore, xshe made equal to a; f , equal to 8 feet taken from 
the line L in the scale Fig. 8 : 8 and t will be the extremities of 
the axis major. 

The minor axis bisecting the major at right angles must 
coincide with eg : its extremities, u and v, will be determined 
by drawing iu, 8u parallel to A ^, fg, and meeting eg in u ; 
and tv, 8V parallel to he, /«, meeting eg mv: the figure V8tu 
being the projection of a square inscribed in the circle. Eight 
points in the ellipse being thus determined the curve en be 
traced through them. 

The projection of the circle in the face admh may be 
obtained by a similar construction. 

Fig. 10 is the isometric projection of a wooden tray 1ft. Sin. 
long, llfin. broad, 5|in. deep, of material l^in. thick; on a 
scale of^y. 

Fig. 11 is the isometric projection of a cylinder : height 7*5 
feet, radius of base 2 feet. Scale 3^. 

These have been inserted as examples of the applicability of 
this kind of projection ; though it has not been deemed necessary 
to append any explanation of the eonstruction. 



Exercises. 

1. Give the ratio of a straight line to its isometdc projection, 
mid prove its correctness by a diagram. 

Draw the isometrical projections of the following objects : — 

2. A rectangular parallelepiped 12 ft. x 10 ft. X 8 ft. Scale 

3. A flight of 10 steps, each 8 ft. long, 1 ft. wide, and 8 in. 
deep. Scale ^. 

4. A table, 4 ft. long, 2^ ft. wide, and 2J ft. high, the top 2 
inches thick, the legs 2 in. square, and fixed IJ in. from the 

II. K 
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ontnde of the table, with a drcalar hole 1^ ft. in diameter in the 
middle of the top. Scale •^. 

5* A hexagonal rig^t prism, height 9 ft., side of base 2 ft. 
Scale ^. 

6. A table 4 ft. long, 2^ ft. wide, and 3 ft. hi^ top 3 in. 
ihiok, 1^ 2 in. square. Scale -^. 

7. A circle 2 j in. in diameter. 

8. A cylindrical box, made of ^ in. deal, the exterior diameter 
being 8 inches and the height 8 inches. Scale ^. 

9. A rectangolar tray, 8 in. long, 2 in. wide, 1 in. high, and 
the sides ^ in. thick. 

10. A box 2 ft. square, and 1^ ft. deep, made of |- in. board, 
and having a circular hole 4 in. in diameter in each side and end. 
Scale ^. 

11. A piece of timber, 3 ft. long, 1^- ft. wide, 3 in. thick, a 
hole, in the shape of the frustum of a cone, is bored through the 
thickness in the centre of the length and breadth. The upper 
diameter of the hole is 1 ft. the lower diameter 4 in. Scale -J^. 

12. The walls of a cottage, from which the roof has been re- 
moved, consisting of one room, of which the external dimensions 
are, length 15 ft., breadth 12 ft., height 10 ft. 6 in. In one of 
the long sides are two windows with semicircular heads, each 

5 ft. 6 in. high. to the springing of the arch, 3 ft. 6 in. wide, 2 ft. 

6 in. from the ground. In one of the shorter sides is a doorway 
8 ft. wide, 6 ft. 6 in. high, readied by two steps, each 3 ft. long, 
1 ft. wide, and 6 in. high. The walls are 1 ft. thick. Scale -J^, 
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CHAPTER VII. 



MISCELLANEOUS EXERCISES. 



1. Draw a line inclined at 30^ and making an angle of 45^ with 
the vertical plane ; and a plane inclined at 50^ and making an 
angle 65° with the vertical plane to contain the line. 

2. The horizontal trace of a plane makes an angle of 80° with 
the ground line, draw the vertical trace on the supposition that 
the two traces really contain an angle of 65°, thenee determine 
the angles this plane makes with both planes of projection. 

3. Draw a line A B, one inch long and inclined at 40°, through 
A draw a line perpendicular to A B, but inclined at 20°, and 
through B a line, also perpendicular to A B, but inclined at 30°. 

4. Draw the plan and elevation of an equilateral triangle ABC 
of 2*5 inches side, when its plane is inclined at 60°, and the side 
A B at 35° ; determine the inclinations of the sides A C, B C. 

5. Draw the figured plan and elevation of a square A B C D of 
2*5 inches side, when the corners A, B, C, are at I'l, 2, 2*9 
inches above the horizontal plane. 

6. Draw the same square when its diagonal B G is inclined at 
15°, and its diagonal A D at 38°. 

7. Draw a regtdar pentagon of 1*5 inches side, the plane of 
which is inclined at 50°, when one diagonal is horizontal, and 
show its elevation on a plane parallel to another diagonal. 

8. Determine the angle the plane of the pentagon of last ques- 
tion makes with the vertical plane of the elevation. 

K S 
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9. Show, by its plan and elevation, an octahedron of 3'25 inches 
edge, when the edge A B is horizontal, and the &ce A B G in- 
clined at 20**. 

10. Three spheres of 1*5, 1, '5 inches radii lie on a horizontal 
plane, each sphere touching the other two ; represent them by 
their plans, and determine a plane touching all three. 

11. Show that the orthographic projections of the edges of a 
prism formed by the intersection of the &ces are parallel straight 
lines. 

12. Show that the orthographic projection of a perpendicular 
to a plane is at right angles to the trace of that plane. 

13. The lateral planes of a parallelopiped are given by their 
traces; the base is in the horizontal plane; the height of the 
solid is 35 units: draw its plan and elevation. Unit *1 inch. 

14. Draw the plan of a tetrahedron of 4 inches' edge, when 
two sides of the base are inclined 5° and 19° respectively. 

15. Draw the plan of a right pyramid with a square base, upon 
the plane of the latter : the faces are equilateral triangles with 
sides 15 feet each. Scale 4^ feet to an inch. Add an elevation, 
and a shadow, the inclination of the rays being 41^. 

16. Draw the plan and shadow (each on the plane of the base) 
of an oblique heptagonal prism, the axis of which makes an angle 
of 45° with the base. The height of the solid is 30 feet; the 
scale x^> ^^^ ^^ ^^® ^ ^ regular heptagon of 13 feet side. 

17. Make a sectional elevation on a plane passing through the 
upper extremity of the axis of the prism and inclined to the plan 
of that axis 45^. 

18. The lines joining three points, which are respectively 1, 1^, 
and 2^ inches above a horizontal plane, form a triangle, each 
side of which measures 2 inches in plan ; show how you deter- 
mine the real form of this triangle and the inclination of the plane 
ooataining it. 

19. Draw the plan of a right pyramid 2*3 inches hi^h, in 
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sach a poeitioii that one of the diagonals of its base, which is a 
aqoare of 2 inches aide, may be inclined at IS*', whilst the other 
is horizontal ; and draw on it also two horizontal contour-lines at 
the levels of 1 and 2 inches below the apex. 

20. A plane cuts the horizontal plane at an angle of 45^; a 
second plane, catting the horizontal plane at an angle of 20^, cuts 
also the first plane. The horizontal traces of the two planes meet 
when produced at an angle of 15^. Determine the inclination of 
the line of intersection of the first and second planes, and the 
angle which it makes with the horizontal of each plane. Name 
the scale of units adopted. 

21. What is meant by the trace and projection of a line, and 
hj the trace and projection of a plane ? 

22. By what data can the position in space of a point, a straight 
line, and a plane be determined 7 

23. Draw an indefinite line inclined at 30^, and one plane, 
containing that line, inclined at 50^, another plane also containing 
the line but inclined at 65°, determine the angle contained by 
these two planes. 

24. The plans of two lines contain an angle of 56°, one line 
A B is inclined at 40°, at what angle is the other line A C in- 
clined, if the angle B A C is half a right angle ? 

25. Draw the plan and elevation of a cube of 3*25 inches edge, 
when the planes of its fiices A B G D and A C E G are inclined 
at 55° and 69°, 

Or when the edges A B, A are inclined at 46° and 22*. 
Or when the comers A, B, C, are at II, 20, 29 tmits above 
the horizontal plane. 

26. Express by its two projections, a point in each region of 
space and distant 20 units from the vertical, and 8*5 fix)m the 
horizontal, plane. Also express by their figured plans 4 points, 
each distant 30 units from x y, two in the vertical plane and on 
opposite sides of the horizontal, and the other two m the hori- 
zontal plane, but upon opposite aides of the vertical. 
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27. Draw the traces of two planes inclined 35® and 64° re- 
spectiyelj to the horizontal plane, and making a dihedral angle of 
110° with each other. 

28. Show that the sections of the upper and lower &ces of a 
cube by a vertical plane will be parallel to each other. 

29. If a straight line be parallel to a plane, every plane passing 
through the line will cut the first plane in a line parallel to the 
given one. Show this. 

30. If a right prism or cylinder be cut by a plane perpendicular 
to its base, the section will be a rectangle. Prove this. 

31. Construct the plan of a right pyramid which has an axis of 
35 feet (scale ytts) ^^^ ^ regular nonagon of 10 feet side for its 
base, upon the plane of one of the faces of the solid. Add an 
elevation upon a plane inclined 34° to the plan of the axis. Draw 
also the '^ section'' by a plane bisecting the axis and parallel to 
the elevation. 

32. Define the terms " projecting surface," " projecting plane," 
" trace of a line," " plane of projection," and " section." 

33. Draw the plan of a right prism with hexagonal bases on 
the plane of one of the latter : the sides of the hexagons are 4 feet 
each, and the height of the solid is 11 feet, scale ■^^. Project the 
shadow on the plan by parallel rays inclined 36°. Make a sec- 
tional elevation on a plane bisecting two adjacent faces of the 
prism. 

34. Eepresent by their "figured" plans the following lines: — 

A B 30 units long— inclined at 30°. 
C D 30 „ „ „ 60°. 

E F 30 „ „ „ 90°. 

35. Show by their " scales of slope" three planes; 

One inclined at 30° ; one inclined at 50° ; the other inclined 
at 70°. 

36. Show l^e vertical trace of each of these planes on a plane 
making an angle of 25°, with the horizontals of each. 
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37. Show by its traces a plane inclined at 40^, containing a 
line inclined at 20^ (the line to be shown by its plan and 
elevation). 

38. If a second plane inclined at 60^ contains the same line, 
determine the angle the two planes wonld contain. 

39. Draw the plan and elevation of a prism 30 nnitslong, with 
a regular pentagon of 10 units side for its base. 

Either when one edge of the base is horizontal, and the edges 
are inclined at 20^ ; or when one diagonal of the base 
is horizontal, and the edges are inclined at 50^. 

40. Determine the two projections of 2 points, one of which is 
12 nnits behind the vertical plane of projection and 6*5 units 
above the horizontal ; and the other 15 units below the hori- 
zontal and 7 units in front of the vertical plane. 

41. Determine by their contours, or by their traces, planes 
inclined 45** and 30° respectively to the horizontal. 

42. Draw the plan of an equilateral triangle, side 35 imits, 
figure the angles of the plan 12, 47, and 25, and determine the 
original triangle and the inclination of its sides to the horizontal 
plane. 

43. A truncated pyramid on a square base of 1'5 inches side, 
and the top sur^e of 1 inch side, is 2*5 inches high. Draw a 
section on a line crossing the plan diagonally. 

44. Draw the horizontal projection of the truncated pyramid in 
Ex. 43, when its base is inclined at an angle 25° to the horizon, 
and one of the edges of the base rests upon the horizontal plane. 

45. Draw an elevation of the same solid when the edge which 
rests upon the horizontal plane makes an angle of 30^ with the 
ground line« 

THE £NP. 
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